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Research on the Eigenvalue Problems of Cographs

ABSTRACT

The theory of graph spectra is one of the most important fields in
graph theory. It has extremely wide applications in graph theory,
computer science, quantum chemistry, communication networks and
statistical me- chanics. The research of the theory of graph spectra mainly
establishes the close connection between the algebraic properties of
graphs and their structures through the matrix representation of graphs
based on the classical conclusions and methods in matrix theory and
combinatorial matrix theory. This paper mainly considers several types of
matrices of cograph (Seidel matrix, adjacency matrix, distance matrix),
and then studies the distribution of eigenvalue-free intervals and the
optimal properties of the intervals.

First, this article determines the eigenvalue - free interval of the
Seidel matrix of cograph and further proves the optimality of this interval.
Second, it proves the relationship between the rank of the Seidel matrix
of the vertex - weighted cograph and the number of essentially different
rows. Moreover, based on the existing results, it further proves the
optimality of the eigenvalue-free intervals of the adjacency matrix of
cograph and the distance matrix of the connected cograph. The specific
results are as follows:

1. No cographs with at least two vertices have Seidel eigenvalues in

the interval (-1,1).

For any ¢ >0, either of the intervals (-1-¢,-1) and (1,1+¢) contains
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a Seidel eigenvalue of some cograph of sufficiently large order.

2. Let (G,w) be any vertex-weighted cograph with at least two
vertices. Then rank S(G, w) =edr S(G, w) .

3. For any ¢ > 0, either of the intervals (-1-¢,-1) and (0,¢)contains a
adjacent eigenvalue of some cograph of sufficiently large order.

4. For any ¢>0 , either of the intervals (-2-¢,-2) and
(-1,1+¢) contains a distance eigenvalue of some connected cograph of

sufficiently large order.

Niu Heming (Applied Mathematics)

Supervised by Prof. Wang Wei

KEY WORDS: cograph, Seidel matrices, distance matrices,

adjacency matrices, eigenvalue-free interval, limit point
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edrﬂx = .
{eder +1 ifx#=-1.

(3-2)
b, Wfx=—1, &M, RIEFFRMFN, BHked i . = et -

W x -1, BAME 5B SEM ARG 47 5T AR EAR, Fit
edrﬂx:eder+1:edr N, +1.

SN T (3-2)0 A THRFIS(G,w) 08k, (B T — RIUMMISAE .
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T & &) . 3 3
SGw) =|E" [ww) -1 | = || wu) 1

ﬂ

i

(=]

EV -1 w(y) -wu)-1 wv)+1

oo [T € 0
S E T ww) ()1 (3-3)

0 | -wu)—-1 wu)+w(v)+2

7| £ 0
w(u)w(v)—1
w(u)+w(v)+2

0 wu) +mv)+2)

oy wi(u)+1
) +w(v)+2 "

%

—-w(u)—1

_ ow)w(v) -1
- w(u)+w(v)+2

WRIEFIH 3.1, Hee[-1L1) o BAwu)+wv)+2 2Z5RE-3)F&Ha — MR
Wi —A7 hME—IAEF TR, BIHER T

rank S(G,w)=rank M ,+1. (3-4)
ER, M EEA kW TSN BCR B B3 R . BRI, Tl A gk,
A rankM, =edrM,, FMFLIESERX (3-4) 1N
rank S(G,w)=edr M, +1. (3-5)
Hi SR G-1) 5% R (3-5), N TIEW rank S(G,w) =edr S(G,w) , HFEY

edr My =edr M, . B1%30(3-2), &RATATLAIEH:

edrM |,  ifw(u)=-1,

edrM, = .
{eder +1 ifwu)=-1.

(3-6)

H b, R wu)=-1, Bhc=-1, KIEXZERGE-6)X TN 74 .
AR K wu)#—1. [T whv)=-1. Ft, @531, 537 ce(-1]1),

EEE S MM TR E £1, KIRESEEETHEL -
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T|¢
Mc=(§T c}

e — AT 5 HMUTATATIAAE . Bt Wedr M, = edr N+ 1.

ZIEH 14 2((3-6)

T AEARAT — RO T, JAVEESL 7% rank S(G,w) =edr S(G,w) »
UhsE B 2 [ E B A g A SE A
3.3.2 XE&mifsE

HITTHT 38060 T st AN 532 P ) S A JR R B0 TG AR AL IX (R 3EAT T EBH, R T 46
F5 FE B X 8] R B AL o
Wnz3, EXT—RKREWKEH,:

B (P, UR ifn=20+1,
" |BU({-DP,UP ifn=20+2.

MTFREG, AU u, (G) T~ G TEIX [A] (—o0,—1) P I 5K 51 FEAE /R HF
fE{E . 2Meld, AT o), (G) KRR (1,400) H G [ /N IEFSRAE/RERIE(E . FK
MZIE MR G 1E (—o0,—1) (BF (1,+00)) A FAE/RFFEAE, A u,, (G) = -

(B 1, (G)=+0) « ATHFELERRZERUTAR

w31 lim g, (H,)=-1
WG R—An MK, 4=AG)REWBBHE. BEA, 4, = A FE
AW FTEARFREE, HEEHS B A m,m,,...,m, o ik

P=mM0") +-+ (775’;>)(;7’<n’;>)T, i=1,2,....r,

Hrip, e ORI T 5 A N AR (] B — MR A . 6 5 A MR
B A g
P L (3-7)
" n

Hee £R" {4 1 mE. SRR GREM , BATSH y(M;x)=det(x] - M) R
TM FRFELZ T, DU R R AE 2 TR 7 (S(G); ) A8 R AiE 22 1 X
2 (A(G);x) Z [BIR R 2 A
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5138 3. 32 X FAER n DI AL,

ﬁz

X(8(G);x) =(2)" x(A(G); _X_H)(l_ Z x+1+24,

PV R dn il 3.1 BATESLHETERF L, RATES D,

3.2 lim u, (P, UP)=—1

iERA: ik Ay = AP, O E) WA, Az/+1 3 PRt A R

. 0 1)(0 1
A4,,., =diag L ollt o yeurs0

R, A4, =07 =) x o BREHEIHE, BAUFE) 1 Prd (R AR AT B Rk
A5, WK 3-1 Pron. WK 3-1 PR FEITIH—, RAGR] 7 R8ARHIE
B A4, WbriE IR . ARG, HERG-7) T MRAE SR H E M, FRdRER
3-2 /1,

& 3-1: A(UP, U R) MHHER S

i RFIEE A A2 ) 3
| | , 0,...,0,1,1,0,...,0)"  k=1,2,....¢
— —
2k-2 20-2k+1
) | ) ©,....0.1,=1,0,...,0) " k=1,2,....0
- — M
2k-2 20-2k+1
.,0.D"
3 0 1 (0: 909 )

20

*3-2: (PLUPKER

REAEAE A, RHAIE 4% 8] 1) TE A8 B
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2 2
(0,...,O,£,£,O,...,O)T,k:1,2,.. N
2k-2 20-2k+1 [2£ + 1
0.0 Y2 o 0k=12,
2k-2 2 (-2k+1
0 0,...,0,1)" 1
T V201

ik Sy, =S((P,UR) . )5 MG HE 3.3 gl a] AR HH 4518

x+1+24,

2(Syix) = (-2)" 4 ( ";% (zf+1>2 A j

: 20 1
/
1Y x+1
— (=2 20+1 _.X+ j -1 ( j 1—(20+1 2[-}-1 20+1 )
=2) L( 2 2 ( ) x+3 x+1 (3-8)

=(x+3)7(x =)' (" = (20-3)x-20).

MR 55 (3-8), A TR LIRS HIK 5 Y S, I A A FRORF A -

(20-3)++/(20-3)* +8¢ (20-3)—+J(20-3)* +8/
w==3 =1 = M, = 5 .

3 ’ 4
2

ibg(x)=x"—(20-3)x-20 . FEEFIS(-1)=-2<0F¢(-3)=4/>0, FAH

P(x) £ (-3,-) A — MR XEWE u, e (-3,-1), Kk lim g, (0, OR) = ;.-
FH AT DAAS H
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(EPUP)Zlin‘(%_S)_\/m
? ! /Zaa; 2
(20-3) (20 -3y +81)
1M
mz((zf—3)+\/m)

. —4/
=lim
or20-3)+ \/(% -3y +8¢

lim lux;ax
(—>o0

= lim

/—>c0
(2—;j+ 4—ﬂ +2

=-1.

Tt
B KA1 A 3.1 .

e 3.3, lim g (RU({-1)P,UPR)=-1

IERR: ik 4, = 4R U -1)P,UPR). ATEF]

0 10
‘ 0 1 0 1
4,,.,=diag||1 0 1], Lol o ,0
0 10

I, x(A4,,,,;x)=x"(x* =1)""(x* =2) . S8 3.2 FE U S5,
BATAT DA E T A REE R E A, W& 3-3.
#3-3: BU({/-1)PRUPIEAM

FFAIE
—y AT 2 18] B A o 1 5 EMB
L (0,...,O,Q,Q,o,...,O)T,kzl,z,...,e—l 202
2k+1 2 2 20-2k-1 2€ + 2
) (o,...,O,Q,—Q,o,...,O)T,kzl,z,...,f—l 0
2k+1 20-2k-1
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30 0.0 (I R -
2(+1 2 20-1 2£+2

PR A2 1o o VIS-V2

20 272 L20+2

1421 1.5+2

~(=,~=,-,0,...,0)" S+

52 (2 2 2734) 20+2
WS, & BU(-1)PURFRE/RAEME. 855 3.3 FH MRS

2(8y,2:%) = (D =D (x+3) 7 (x* + (4=20x" = (6/+2)x” + (100~ 20)x + 14/ +1).

ik g(x)=x"+(4-20x —=(60+2)x> +(100—-20)x+140+1 . 2 ¢>2 &, AT

P(x) f( I—W—]EPWE R g(-1)=16>0 Al

1 1 8 10
- |=16+———+——16/.
4 ﬂJ 0N

mE =2, %Mqﬁ[—l—%}—ssom-w.tzu%‘ﬁzzs Fill78
1 1 10 1 10
¢(—1—Wj<16+€—2+ﬁ—16\/2£16+3—2+$—16\/3_——5.828---<0.

EEWREYS (=20, ¢(— lejd) PRl ¢(x)( \/1_ j (1—— —1}

- p (RU(U-DPUPR)<-1, (22

NI

/—o

@%m{4_
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SEFE 3 BERE: WA 3.1, BRATMIEXN T EB K, H E(1-&-1)N
B A S, (B G KA G S R R A E A B FRAT
UER, WTES KK, BH, #E01+e) TE - MHEE. XHsem 15t
SEHE 3 BIIERA

3.4 FEHFIP

i AR A E RS R M R SRR, AT AT AR R LL R B4 8
AAFAE DA AT AR TR TR (- 1,1) N B FREE R o AT 2220

BN ST SR, B rank S(G,w)=edr S(G,w) . R, X FAEM & >0,
(L1+&) Al (—=1—&,—1) AT A —A> DX RS EL & — AN 2 88 KB (0 A B B FE 48 /R oy
RN
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£ 48 REPIESEBREMTHEEX ER ST

AN A B 3 T 2508 4% PR (10 05 42 R R P 28 R e 11 DI R A X 1) 7 e e e
17T HER] . Mohammadian A1 Trevisan iE#] VAR R R EIEXE (-1,0) L¥H4R
PR PR s Lou 55 NIER] VAT EIEE B R EFEX ] (-2,-1) B3 o b a Hps
FEAE o ARSI S LR R AR B, EB T — 110 =2 AT R AR B BRI
BT BR L. [EIBE, UEB 7 — 1A =2 22 B 18 4 ] R B MR AR A 1 P A
PR

4.1 HEHHFEIR

[FUREFRATTE e/ A T SR B AR LM M B n AT 6 = (v, )
v ATESE, E RIS, TR v, 5 v, WIEEE d (v, v, ) R3EEF R Rl
B, KRN d(v,v,)=0. BEHED=(d,)Rn WEKE, d,=d(v.v,). i
SO AR B B AR E AL, R AR

28 HE R RS 2 S5 TP 4 ] - B
4.2 EREGEREHIEA

42.1 FEXE(-1,0) RMAMHE

B G {E X 1] (—o0,—1) e (0, +00) S HHAEAL, F 4, (G) #7% G 1 (~o0,-1) F
FIR KSR, A, (G) FoR 6 Wi/ NERHIEE. X TEEIEEH e , Mle For
UG, 3T Gy, G, G I 1 SR SEHIHE .
HRLA.1 lim A, (0K, UK,)=-1.

{—>+0

IERA: 0Y, = (K, UK, ¢ >1. HALERM N
AT Vi 0 1)(0 1 0 1 0
(¥;)~diag [1 0}’(1 oj"”’l 0" )
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HWP (x)=("-D)'x. BY,EE=AAFEFFMAEAL =1, 4, =-1R14=0. ~5
SR AH R ) = ANRRAE-T 22 (8] ) = 2 2 23 0«

&V =(1,1,0,0,--,0) ,& =(0,0,1,1,+--,0) -+, &V (0,0,-+-,1,1,0)" ;
1(2):(17_170909'“90)T7 2(2):(090917_19"'90)T7"'9 /4(2):(0707"'517_170)T;U\&
&% =(0,0,0,0,-- 1)
RO RS IEAS AL, RIS RG-7), /B Y, SN FEMA, WNER 41 Fow.

F4-1 (K, UK £

i HRRHIEE 4 RFAE 772 (8] bR A 1E AT 4k B
o2 J_ %
2k2 2/ 2k+1
2 2
2 -1 (0:') ,\/_ \/_09 :O) k= 1929 g 0
2k2 %Zkﬂ
0,-,0,1)7 1
3 0 ( s )
R 20+1

HRIEG|HH 2.1 A[15

20 1
B (x)=(- D> (~1-x)x" (x+2)" | 1-(20+1) 20+1  20+1
x+2 x+1

=(=1)*(=1-x)x' (x+2)" (1 _ 2 Lj

x+2 x+1
=x'(x+2)7' (x> +(2-20)x-20).

BWg (x)=x"+(2-20x-2¢, W g, (x)=0 K MREN (—1£47> +1. H1Lw] 5y, (B

(KUK, ) BT B A R 0% fE o8 -2 A 0-1-N2+1 o T
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(=1-~0+1e(—o,-1), MITH
lr;aX(EKZUKI):maX{—LK—l— £2+1}.

ERE

lim ¢ —1—~//*>+1 = lim 20 = 1im_—2=—1,

{—>+0 £—>+00 2 (—>+o0
(0 =1)+~0* +1 1_2+ [1+z

#lim 2, (K, UK, )=-1.

@R 4.2 lim A5, (1K, UK)VK, ) =0.

WERR: i2Y, =/K, UK, 0 >1. RHEGIHE 2.5 FFK 4-1 15
PWK1 (x) =x(x* =1)' (x————} =(x-D"x+D' (X =x* =20+ 1)x+1).
X x

ES R g, (x)=x" —x* =20+ Dx+1. FEF g, (0)=1>0T0

lj_i_i_zfﬂﬂ_i_i_l_m,
) 2oy

b

T2 b B % i BRI g, (x) = 0 7 (03 EMFE DR, XEW Y VK K5

NEFRAEE AR W lim A5, (K, UK)DVK,)=0. E5E.

~ |-

E N —IRE X, (n>3) W

n

v _[RUKDVE, n=2042
|k, UK, n=20+1.

AL HEX, S AR L A 4.0 K, lim 4, (X, =1 BOETHER e > 0, %

¢RI, RE X, ERIA (<l—g1) LA — A, MR 4 R, [

T 4.2 JETE 4 1T, IFEE,

422 ERFERXE(-2,-1) &M
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BOEE A 6 22X ] (—o0,—2) J (—1, +00) Y H FRBHHIEAE, A~ (G) Fme
1E (—o0,-2) B K TEFEE, 1- (G) Fn G 1E (—1,+o0) /N HEE. X T

/

ERIERH e, MIGERRUG, HPG,--,G, 2 GH A kSR IL
i=1

HE4.3 limu, ((¢K,UK,)VK,)=-2

IERR: idY, =((K,UK,)VK, (>1ARHE513 2.4, Hs=1Hf, a[f5:

By, (x) =[x —(40-3)x> =10+ D)x — (4L +3)|(x + 1) (x +3)""

Wh,(x)=x"—(40-3)x> (100 +1)x — (4 +3)

BRI (~2 - ¢, -2) Em:%, %0 s oolif,

h(2-¢)= (—2—%)3 —(4@—3)(—2—%)2 —(10£+1)(—2—%)—4£—3

h,(=2)=3>0.

Eﬁzi)ﬁ%@ﬂ%ﬂ, %’/[\ﬁﬂ/l\?;)ﬁxoe(—Z—g,—Z), H

_2_%:_2_8<xo<_zo AR IE MM TS, 40— wlif, x,—>-2, fHEE.

n—>+o0wo

4.4 limu, (((-1)K, UK UK, )=-1

WERR: idY, =((-1)K,UK, UK, , v, FixhE&EH N
(1-1)K,UK,UK,,¢>1

o RE Yy, BB
0 1

Ay=diag| | 1 0

| 11
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H P ()= -1)" (=2 + )" WHN: 4 =14, =-1,4=0,4,=2.
2R (3-7)15:

F4-2 ((-1)K,UK,UK, £

R A A, IREAE 2 [E bR IE A 3 B
2 2 _
1 (O,...,O,£,£,O,...,O)T,kzl,z,...,E—I 20-2
v At 2042
2k+1 20-2k-1
(0,...,0,—2,—2,0,...,0)T,k:1,2, L =1
2k+1 2 2 20 -2k—-1
2 2
_ X2 0,-22,0,...,0)
1 ( 5 5 ) 0
2k-1
(__2,_2’()’0’...,())T
2 2 —
2k
0 (0,0,0,0...,0,1)" 1
2k+1 20+1
11 1 3
_5_9_907-'-,0 !
2 (\/5 3’3 T_l) 20+1
PRSI 2.2 AT 15
3 1 20-2
Py () =1+ 0x " (x=D)(x+2)" (1- (20 +2)| 22 4 2082, 2042
) x—1 x+1 X

=x"z(x+2)”+'(x+1)(x—1)(1— - _25—2)
x—1 x+1 X

_ xé—z(x+2)€+1[x3 _(2+2£)x2 —-3x+20-2].

Wh(x)=x"—(20+2)x* =3x+20-2, WIX[E(-L,-1+¢&), h(-1)=-2
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Ble=1- 1—%%)\Jﬁﬁﬁm%:

1 1 1 1 1
h[(—1+g)_h[— /17}—(17) /17—(2“2)(17}3 /1_7%_2
:(Lz} /1_1+2.(1_1j= /1_1.(1+2_2 /1_1}
/ V4 V4 ¢\ /7 /

4 1
H r>1 7] 15, 17200 HEE, Bl1+20>2¢. /1—%.

PIAFEINBCE 015 40° +40+1> 407 -(1-%):4% 4.

T 21, BiE. Fkh, (-1+2)>0.

WRIEZF g B f, B2OH N ERx e(-1-1+¢), H

—-1<x, <—1+g:—,/1—%

RYEIEHEN AT R, 20> o), x, > -1, fHIE,

@45 limu;, (K, UK, UK,)VK, =2

MERR: 12Y, =(¢K, UK, UK,)VK,.
RIETIE 2.4, Bs=2,k>11, AJ1FH]Y,, KPR ERIEZ 0.
P ) (x) =[x’ +(1-40)x> =100 +8)x— (4L +6)](x + D) (x + 2)(x +3)"

D

iﬁh[(x):f+(1—4€)x2—(10£+8)x—(4€+6), h[(—2)=6>0
BRI AN (-2-£,-2), mgzg, s ool

216 180 144
h(-2-2)=-30- =2 e —2<0

*ETE?;{){—:T\%}EE‘%H, %’/[\ﬁ*/l\?;)ﬁxoe(—Z—g,—ﬂ, H

—2—%=—2—g<x0 <=2,

RIS AENATEL, 0> o, x, > -2, 1FilF.

WEE 4.6 limu,, (K, UK,)=-1

n—>+o0
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MERR: 12 Y, = (K, UK, .Y, BIFNEI 4506 R
Y, =K, UK,

YRR Y, ATEFER IR -

l[[0 1[0 1 0 1),
Ay = lag([1 0]’(1 o]""’(l Oj’]

1 P () = (1) x W LA 2 SR AORFAE 9 4, =1 4 =—1,4, = 0.

s

e G-7)1:

F4-6 (K,UK, 113

FHIEME 4, AT 23 1A PR B I 22 3 B
| (o,.. ,o,ﬂ,ﬁ,o,...,of,k=1,2,...,£ 20
AN 20+1
2k-2 20-2k+1
1 0,032 N2 o 0 k=120 0
2k-2 20-2k+1
0 (0,...,0,1)7 1
2k 20+1
AR 5 2.2 715
1 2/
Py (@) =1+ 0)[(x+1)* =1)' (1 - 20+ 1) | 2Ly 2041
! x+1 X

=x'(x+2)"(x+1) (1—L— %j
x+1 x
=x"(x+2) (x* =20 -21).
ALV RA AR, 25008:

C204NA 480 20-~4r + 81
2

My ==2, 4, =0, 1y = 2 ) My

E’Xﬂ4’ %K—)OOHTJ‘:
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o 20—~4r*+8¢
Jim ——————
= lim 8¢
M°°2(2z+\/452+8e)
= lim _—8
{—>+0 8
2[2 +, 4+ }
Ve
=-1.

Zrx b, 5 UEMEEE.

4.3 TEHR

TR IR A B TCRHAEAE DX [A) (R FEFIE B, FRATAF B DL R 2518

MTER e >0, MAFE—MNREE(-1-6,~1)F(0,&) WEDH —AEBEFE
REIEAH.

IR € >0, BAFAE —NEBEREE (22—, 2) M (-1, -1+¢) NEDEH A
SPF A PR
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FS5E [OMERE

5.1 [al/m

AN ST 2 AL AR B At 25 18 — LA 5% 1 5 AR AR 20 AT e B . 32 RE T
SRR B TE R AR DX 18] AR X TRV R e ek, RIS 45 Y 1 TR B A
JRASFATAT B S PR Z B A5 Bk RYE . BRIEZ AL, 307558 1 A% NI I ) #R
B BN R E X ] it . R v A EY, EE TR

R —FH, FATD A=A RN HBA TR ZHE R R A 5 [ ASME—
BE 2 e 2 R AR ST FUR R LA K C 28 BUAS () E AT 7T R AT H R S E AR AR
) TR SRR — L

R3S —mh, JATE A TP RN — LAk B ) IR R e /A

R4
fEs =gk, RATEN T RGP TS ARETER W (-1,1) WAE

KA. M T AT 2> 0, (L1+2) R(<1— g,-1) IO FERT— X I &
—N R KB B AR B BRI R R AR E . RN, 32 (G, w) RAT A /A AN T AU
TS NBRE, 13 H rank S(G, w) =edr S(G, w) o

N RS, BARE HiTCAE LR, HEIHEN T EE e >0, BAFFE
—AREIE (-1-6,-1)M(0,6) N E2DH DI E. SHEEe>0, &

TP B A EIE (2 — 6, 2) A (<114 ) U %A —ANEE BB A«

52 RE

BARX— B TAECABE— e M A4 it, (HEARREAIEZ 0 BIESR
MEHEREEE ., FEARRNRR TAEPAELE I THARUTNH®E: 1) K>3,
KA REG 5 At (H,) 2 i (G) EEHAM I 11, (H, ) < 110 (G))s QP51

EES = {2 AR RE R, TR XN E BN EA 1325
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