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The automorphism group and eigenvalues of a graph

ABSTRACT

The study of the automorphism group of a graph and its eigenvalues
is an important branch of graph theory, with rich theoretical implications
and broad application prospects. The automorphism group of a graph
consists of all automorphisms that preserve the adjacency relations of the
graph, characterizing the intrinsic degree of symmetry within the graph. It
is a classic problem in spectral graph theory to establish connections

between I'(G) and the eigenvalues of G . In 1980, Criscuolo et al. proved

that the order of the automorphism group of graph G is upper-bounded by
2! wherek is the number of irreducible factors of y(G; x) over the rational
numbers Q, and all the eigenvalues of graph G are simple.

This paper mainly improves upon the results of Criscuolo et al. We
introduce the plain polynomial associated with a graph G, which is defined
to be the quotient of the characteristic polynomial and the main polynomial
of G. For a graph G with a square-free plain polynomial, we establish an
upper bound for the order of its automorphism group, which is related to

the number of irreducible factors of the plain polynomial over the rational

numbers Q .

Let the plain polynomial of graph G is v(G;x) =% This paper
#(G; x

studies the issue of the upper bound for the order of the automorphism
group of a graph G with a square-free plain polynomial. The specific results

are as follows:
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1. Let G be a graph with n vertices, and let v(G;x) be square-free.
Assume thatv(G;x) has a standard factorization over the rational numbers
Q:

v(G;x) = py(X) Py (X) -+ Py (x),

where the irreducible factors satisfy deg p,(x) <---<deg p,(X) .Denote

t
T= max{t 11<t<s and > deg p;(x) sg}
i=1
Then the automorphism groupI'(G)is an elementary Abelian 2-group

of order at most2°.
Under a natural generalization of auto morphism group, there exists a

direct connection between the number of irreducible v(G;x) and the order

of the new group,and the result is as follows:

2. LetFbe a subfield of R and G be an n-vertex graph withv(G; x)
square-free. ThenI';(G)is an elementary Abelian 2-group of order 2°,

where s is the number of distinct irreducible factors ofv(G;x) overF .

This article also studies the upper bound problem of the

automorphism group of the graph under generalized path matrices.

Wang Xinyue (Applied Mathematics)
Supervised by Prof. Wang Wei

KEY WORDS: automorphism group,eigenvalues, main polynomial,

characteristic polynomial, orthogonal matrix
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b 3¢

Pt 1
n=s§;
G=RandomGraph[BernoulliGraphDistribution[n,1/2]];
GraphAutomorphismGroup|[G]
A=AdjacencyMatrix[G];
ch=CharacteristicPolynomial[ A X]
chj=CharacteristicPolynomial[A+J,x]
v=Polynomial GCD|[ch,chj]
W=Table[1,{n},{n-2}];
For[i=2,1<=6,i++,W[[;;,i]|=A.W{[;;,1-1]]];
pl=DiagonalMatrix[{1,1,1,1,1,1,1,1}];
p2=DiagonalMatrix[{-1,1,1,1,1,1,1,1}];
p3=DiagonalMatrix[{1,-1,1,1,1,1,1,1}];
p4=DiagonalMatrix[{-1,-1,1,1,1,1,1,1}];
V=Table[0,{n},{n}];
v1=NullSpace[A];
v2=NullSpace[IdentityMatrix[n]+A]
VIGs HI=vI
VIEs211=v2([1]];
VI[:,35n]=W;
MatrixForm[(V.p1).Inverse[V]]
MatrixForm[(V.p2).Inverse[ V]]
MatrixForm[(V.p3).Inverse[ V]]
MatrixForm[(V.p4).Inverse[V]]
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