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STATISTICAL INFERENCE FOR SPATIAL
AUTOREGRESSIVE MODELS UNDER CONSTRAINTS

ABSTRACT

The spatial autoregressive model, as a core tool for characterizing
geospatial dependence, demonstrates significant value in regional
economics, environmental monitoring, and urban transportation planning.
However, prevalent challenges in practical data analysis—including
parameter constraints, discrete integer-valued characteristics, and missing
observations—Ilead to substantial limitations in conventional models,
such as large estimation bias, difficulties in residual control, and
insufficient robustness. This study systematically investigates the
scientific problem of "statistical inference for constrained spatial
autoregressive models" through theoretical advancements, algorithmic
innovations, and practical applications.

Firstly, to address the coupled modeling challenge of nonlinear
covariate effects and parameter constraints, we propose a constrained
estimation model for additive spatial autoregressive models. By
approximating nonparametric components through B-spline basis

functions, we construct an objective function incorporating penalty terms
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and employ SCAD regularization to simultaneously achieve parameter
sparsity and constraint enforcement. The asymptotic unbiasedness of
slope coefficient estimators is rigorously established. Numerical
simulations across 10 typical constraint scenarios demonstrate that this
approach reduces mean squared error (MSE) by 18.7% compared to
conventional unconstrained estimation and decreases average absolute
error in traffic flow prediction by 23.5%, effectively resolving
quantitative analysis of complex interactions among economic variables.

Secondly, to overcome modeling bottlenecks for integer-valued data
with nonlinear characteristics under constraints, we establish a novel
inference framework integrating deep learning with spatial econometrics.
A hybrid robust input training neural network (H-RITNN) framework is
designed, incorporating gated recurrent units to capture temporal
dynamics and enhanced ant colony optimization for spatial parameter
tuning. A residual autoregressive-grey prediction composite model is
developed. Empirical results show this method reduces standardized
Pearson residuals from 0.35 to 0.02 in regional GDP forecasting while
improving parameter estimation efficiency by 19.3%, overcoming
limitations of traditional linear models for count data.

Thirdly, to mitigate parameter estimation distortion under missing
data scenarios, we develop a doubly robust imputation-correction joint

estimation algorithm. Multiple imputations for missing responses are
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generated through kernel density estimation, with bias-corrected objective
functions constructed via local polynomial regression. Linear constraints
are analytically embedded using projection matrix theory. Theoretical
derivations confirm the consistency and asymptotic normality of
estimators under the Missing at Random (MAR) mechanism.

The innovative contributions of this research are manifested in three
dimensions: Theoretically, we establish an asymptotic independence
theorem between nonparametric components and structural parameters in
constrained additive SAR models, advancing semiparametric spatial
econometric  theory.  Methodologically, the proposed neural
network-intelligent optimization hybrid architecture enables collaborative
optimization of spatial dependence modeling and outlier correction for
nonlinear integer-valued data. Practically, the developed doubly robust
estimator provides methodological tools for incomplete spatiotemporal
data analysis in smart city management. Applications in the Yangtze
River Delta urban agglomeration transportation network optimization and
Beijing-Tianjin-Hebei air  quality assessment demonstrate the
framework's engineering value, offering crucial technical support for
implementing spatial econometric models in complex scenarios.

Liu Subing ( Mathematics)

Supervised by He Bangqiang
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Kl WRAEL< <biE, F|p,(Z,)]=080%, RuiR-AES 05 1T Hrt .

& I T RORBENIRSI T 5 & F (¢|X,2) =0, JFHREABRK %, ERgid
P 2% ¥ i 5 300 2 B 2 [ PR FL AR O R o S0 73 B Af i 3% e A o b A 6
IV IZIE R AR, BB GBI BSB89 Ak B ip A% B A e b7 A 8 [ A
B 58 (1 BAR R RIBAS 180, B R 325 (B B 1) S v, AR B UEEAT IE A 1 B
[7) 77 22 (AR

FE2 R0 o AR WK 25 ) | [ oy, 2 B0 A R L 2 AR PR )
ATIEHNI0), ARSI ML R R 27 50, AR (3.2) kiR

AB=b (3.2)

A, AR 53 T RRAT ) S 2 TE G AR RE mxn UL K mx 1 41 ) &
LR, RS T 42,
3.2.2 18T B # &L IKR R TR

2 FEH o3 2R M TIN5 B 1 [ A v, SRS eR 08 I 4 A 1 B

BRBCRITL SR . RO FRARR, e ¢, Hd, RIEEH, g =c,+d;, E0-1

X3 d; +1AFIXE, hy=0<u; <o <w;, <1=hy, f55RF X 8] 1 955 A

H1¢; Al d; AN ri B0k B RE 5% e 802 () @, $3R13). 7 B BE SR s B /] @, vh
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PR, FI{B,, ()} R, RARCTIE RSB &R EOR B,
(3.3) Kik:

ZBM Xjm +J=12,-b (3.3)

m=1
T
ﬁEP, Z=(Zl,la"'all’g]7"'5zb,1:"'>lb,gb) .

4B, () R (@ R

B(z,)=[Bui (z00) B, (zu )
(Zztb)’ bg,( ztb):IT (3.4)
£ (3.0 RPN 3.3) R, feEFE 3.5 e

Y=pWY+XB+B(Z)y+Dn(u)+ A (3.5)
Ao, Y=V Y)Y = (0 ) oW = @, T P T HER O T i
(VA EY I

T T

Z):{[B(zl)]T,...,[B(ZN)]T} B(Z)={B(z,)B(z, )},
D=[-1, ,Jy, ] ® L , L @5 HIA T HA RN T BIeEER 1 iR
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M, SRRFAE ) B e Atk 21 5 00 23 (D3 5 BT AR IA,  JFil i B R 2% 3k s B0k
AR R e OR1T, XML AT e s R B E R 2, K LA NFBEHLIB)
i . T BELAR BN AT BEAN T AL IR E LA [R5 25 0%, M LA ORI 18 [ A it 1
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R BN MG
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Mise7s, HEETCMmAL TR R AL
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(C4) FFIEHHD>al2+1, MASERIFARIHL: |1 |<w.
(CS)RHET &, 1y B4 S, (0) FEZ AL IESE LA, B Sup, |£,(0)] <o
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13



R R A 18 5

I 3.1 UEMCHEC)ML, MAHEE T (0,1) flil8 I(r) W
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R 3-1 FEALURZE IR AR AE 125 73 A PR B 4

MSE MSE  MSE  MAD MAD
e P O P

(P) (B) (B2) (&) (&)

15 30  13.33 8.56 8.92 16.40 16.83

0.1 01 15 60 11.99 5.91 5.89 11.57 11.49

30 30 1348 5.98 591 11.43 11.70

30 60 1176 4.17 4.28 8.66 8.74

15 30 1093 8.77 8.62 16.29 16.56

15 60  9.01 591 6.13 11.48 11.59

o 30 30 1123 6.06 6.08 11.28 11.67

30 60 9.5 4.29 4.24 8.60 8.71

15 30 5.63 9.10 8.99 16.57 16.55

15 60 3.89 6.03 6.24 11.50 11.71

o8 30 30 5.81 6.19 6.07 11.40 11.60

30 60 3.73 4.16 423 8.68 8.81

15 30 1093 8.77 8.62 16.29 16.56

15 60 11.24 432 4.53 8.36 8.52

" 30 30 1293 4.41 432 8.36 8.51

30 60 11.24 3.07 3.03 6.33 6.42

o 15 30  10.32 6.62 6.31 11.91 12.28

15 60 8.47 4.49 4.61 8.37 8.65

o 30 30 10.67 4.26 4.55 8.29 8.51

30 60 8.51 3.09 3.18 6.28 6.44
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B3 3-1 BEMLIR Z MR MARHE IR 257041 1 HERT 45

MSE MSE MSE MAD MAD
AR G Y 0 P

(P) (B) (8,) (&) (&)
15 30 5.03 6.64 6.76 11.86 12.33
15 60 3.76 4.48 4.67 8.42 8.56

04 0.8
30 30 5.09 4.68 4.55 8.36 8.68
30 60 3.70 3.05 3.16 6.36 6.54
15 30 13.22 8.60 8.50 16.42 16.58
15 60 12.71 6.07 6.17 11.54 11.66

0.1
30 30 13.49 6.20 5.79 11.35 11.42
30 60 11.99 4.19 4.29 8.74 8.77
15 30 11.67 &.59 8.83 16.49 16.73
15 60 9.71 6.07 6.18 11.53 11.61

0'8 0-4
30 30 11.49 6.36 6.42 11.42 11.64
30 60 9.75 4.16 4.21 8.82 8.82
15 30 6.40 9.00 9.08 16.32 16.60
15 60 4.67 6.27 6.32 11.40 11.59

0.8
30 30 6.37 5.98 6.48 11.53 11.65
30 60 4.34 4.31 4.11 8.78 8.77
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IR ETE. MR RAL, SRR LT RMSE B8/ T IEL Al
Ty IXEIRE AR LIRS N, AR SO T 77 k0 BERS A b ol 12 80 B30 110 P4 7E LR
AL, BAR 2 Pl v 7R BT B 1K S 4 LS X 1R H B A R A I 8 i e S B
[¥] 95% B AS X [RI/KF, AHLY A BLAG THI X R BE ALC B R4 T ARl vt
PBAAR SO IBAE S AR R B S K PRI, Resie gL RS af i X IRl it o 25 LB
B, AR ARG T AR T AR SR A THE S A T AR B A TS,
SPEAE S S P o R A B v 1 S AR

M B B R T 1995 4R 3 2020 4 (1 32 8 HE . 45 H B I R]AZ 2 i 26 1 [l
DRI R X (2) B35 LA B b 2 B o0 A B S & 2R H 2 1, ) 3-1 B
FERN I HTIZTT 1995—2020 “ERI SN, MM G205k, gt
VR 1) B AT v 22 B B ] ) AR Ak 38 o 1 50, AR T DA 6 e e B4 A ke
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TR 72 14 5. X—BFEHEKIEESR THMmasrn GERE. AD
FRIAS TG 0 DL K T8 #5030 P 28 I RREE 5 3 o SR T, N 2010 550146, LREIRIHE
FERIME A I T T RS .
® 32 ARGIRLFFAF MG g R
o AL FAG
FEAEL
Bias RMSE  ACP ALC
P -0.0034 00595  94.09 0.2212
=80 B 00008  0.0949 9295 0.3410
B, 00007 00760  91.37 0.2736
5=0.1
P -0.0006  0.0402  93.63 0.1527
=160 B 00001 00642  92.87 0.2390
B, 00007  0.0503 9324 0.1930
P -0.0008  0.0417  94.12 0.1458
=80 B 00005  0.0956  93.32 0.3401
B, 00007 00767  92.19 0.2756
5=0.4
P -0.0001 00258  92.89 0.0992
=160 B 00003 00624  92.96 0.2392
B, 00011 00514  93.04 0.1921
P 00012 00155  92.14 0.0582
=80 B 00004 00656 9324 0.3391
B, 00006  0.0738  92.48 0.2726
5=0.8
P 00012  0.0098  93.68 0.0402
=160 B 00008 00621  91.98 0.2398
B, 00005  0.0505  94.07 0.1930
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T HAt
Bias RMSE  ACP ALC
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5=0.1
P 00006  0.0429 9345  0.1556
=160 B -0.0005 00753 9258 02783
B,  -0.0026 00791 9312 02797
P 0.0014 0.0449  91.89  0.1512
=80 B 00022 0.1138  93.12  0.3962
B,  -0.0018  0.1144 9235  0.4022
5=0.4
P 0.0007 0.0288  91.89  0.1040
=160 B -0.0003 00755 9287  0.2799
B, 00019 02751 9196 02819
P 0.0004 0.0190 9345  0.0640
=80 B 0.0012 0.1122 9245  0.3984
B, -0.0002  0.1140 9432 0.4045
5=0.8
P 00016 00130  91.86  0.1452
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B, 0.0021 0.0775  91.68  0.2884
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