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FINITE-TIME OPTIMAL FEEDBACK CONTROL OF

TIME-VARYING SYSTEMS

ABSTRACT

In recent years, with the wide application of time-varying systems in
nature and engineering fields, the control of time-varying systems has
attracted more and more attention in the control field. For example, in
many fields such as industrial control and defense, complex network and
multi-agent control, the control of time-varying systems is involved. In
addition, from a mathematical point of view, the dynamic equations
involved in time-varying systems are more complex, and therefore,
time-varying systems are more challenging than time-invariant systems.

In practical applications, the actual performance of the controlled
system usually needs to meet specific performance indicators. Therefore,
it is of great significance to study the finite-time optimal control of the
system. At present, it is a common research idea to study optimal control
problem based on dynamic programming principle. The core idea of this
method is to use the steady-state solution of the HJB equation as the
Lyapunov function of the system. However, many researches are focused

on time-invariant systems, and the researches on the finite-time optimal
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control of time-varying systems need to be enriched and perfected. In
addition, compared with continuous time dynamical systems, finite-time
stability and optimal control of discrete time dynamical systems have
received less attention in the literature.

Therefore, the finite-time stability problem and the optimal control
problem of a class of time-varying systems are studied in this paper.
Firstly, based on the finite-time stability of time-varying continuous
systems, the finite-time optimality problem of time-varying continuous
systems is further studied, and the application scope of optimal control
theory i1s extended. Then, a finite-time stability analysis method for a
class of time-varying discrete systems is proposed. On this basis,
sufficient conditions for finite-time optimal control of time-varying
discrete systems are given by combining HJB equation. The main work of
this paper is as follows:

The first chapter introduces the research background and
significance of finite-time stability and optimal control, and states the
current research status at home and abroad.

The second chapter introduces the preparatory knowledge and basic
theory needed for this research, including related symbols, necessary
definitions and lemmas.

The third chapter introduces the finite-time optimal control problem

for a class of time-varying continuous systems is studied. Based on the
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finite-time stability of time-varying continuous systems, an analytical
method for finite-time optimal control of a class of time-varying
continuous systems is proposed, and sufficient conditions for the
existence of optimal control of time-varying continuous systems are
given. The results of this paper extend the optimal control of
time-invariant continuous systems to time-varying continuous systems,
and extend the application range of the optimal control conclusions of
systems.

The fourth chapter introduces the finite-time optimal control
problem for a class of time-varying discrete systems is studied. Based on
these results, an analytical framework of finite time optimal control for
time-varying discrete systems is established, and sufficient conditions for
the existence of optimal control for time-varying discrete systems are
given. This research method utilizes the steady-state form of the HJB
equation, thus ensuring the finite-time stability and optimality.

The fifth chapter summarizes the research content of this paper, and
gives the prospect and expectation of future research.

Zhang Sen(Mathematics)
Supervised by Wu Xiaotai
KEY WORDS : time-varying system, discrete system, optimal control,

finite-time stability
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PRI [R] RS (4 Jm A BRIN [RI R AE ) o
BE FRGE(2.9)i 2 A BRI [RIASE 1, 58 AT 2 VR BRIN 8] S i il #e 2E &
S(xo)i{u(t) u(t)eU c R", H%4t — THE, x(¢) — 0} X FIRLEMER A £ 51(2.9), &
XA RERR LN
T (e u()) = IOwL(x(t),u(t))dt, 2.11)

XH L:DxU —> R NEZEHE

224 BHETRGHRMNEREHELR
BTk, HIEU NIRRT SR S
x(k+1) = f(k,x(k)),x(0) = x,,k € Z,, (2.12)
Hehx(k)ye DS R" ke Z, R RGHPIRA &, I BIHE £ RIEELLN, IRGE
BELE . AVRB TR E WG AT x(0) =x,, RGQI2)HHBAH A
f(k,0)=0JF BB RIBER, W x@)=02R5Q2.12)8F4 .
EX 2386 F 2 51(2.12), HAAEIEFE e 6(e) 1K = K(x,) > 0115

(i) % Vx(k)eD,ke{0,12, .. K(x) -1} &, 2k=K(x,) ", x(k)=0;



L N N 2T e A e

(i) ¥ Ve >0,k €{0,1,2,..., <égo

MR Ge2.12)% 2 A BRI A2 EM:, JFH2 D=R"IN, REE(Q2.12)% & 4 5 A BRI
B A E P
TR, BATFERGQADMEMIEN, MR LM S RS
x(k +1) = u(k)x(k), x(0) = x,,k € Z. . (2.13)
), EHIEAR R T4

x(k) = p(k —Dx(k 1),
x(k=1) = u(k —2)x(k - 2),

x@=&®ﬂm
FRG0(2.13) 7 LS En B
x(k+1)= ]i[ u(i)x,.
TR B RN EfRE, WA
mny(z) hmH,u(z) =0,keZ,, (2.14)
K = K(x,) = arg min{Jim li[ u(i)=0},

A BRAS B WS %)
REX 2APLAFAEW B K >0, HAE
) p(k):Z, — R, W2 lim p(k)=lim p(k) -+ ;

k k k
(i) u(k):Z, >R, WE[OIW)>0»,121301;Iﬂ(’)=£‘£?<1]0ﬂ(’>:0’

K p, (k) =~ lnH u(i) o WIFR p(k) A BRI E] 3%63% b5 4 (T-FTE) o

TESH 4 TR A5 B HIB J7 8%, 90 A8 B BOR G At I 15 2 A7 TE I 70 70

o N T RGIRRAT BRI (8] S A5t ], 25 B JE 2R 1 AR B U A% i R 4
x(k +1) = F(k, x(k),u(k)),x(0) = x .,k € Z ,, (2.15)
KHEEGMAuk)eU cR" . VOEZRBO:D—-U NEHIE, Ho0)=0. Xf
FREQISFHPRE MR x(k) » D ulk)=D(x(k), Wulk)FRARBFEHE.
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I, RG(2.15) A AL A R IR
x(k +1) = F(k,x(k), D(x(k))), x(0) = x ,k € Z .. (2.16)

TE X 2.5USIRE T PRI AR R4 (2.15), M RGHEHI R u(k) = d(x(h) BT, & &
G2(2.15) 2 A PRIN (A8 € (42 )R A BRI T RS A2 ), AR S B 88 u (k) = D (x(k)) T
R BRI ) S € (42 R A BRI [H] A8 7E ) o

TELE R G0(2.15)i5 /e A PRI [ AR e MR, SCAT 28 VIR A BRI ) s dofeds il e 42
HE X R

S(xo)i{u(k) cu(k)eU < R™, ¥4k — K, x(k) — 0},

X B S (x,) BLAE T A A BRI T Sl i 2 I SR 5

X R G0(2.15), & LHAERE R EIN T

J(xo,u(k))iiL(x(k),u(k)), (2.17)

XHEL:DxU — R NESFE

11
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$3E HNEESRRRIREE RN R GRS
AT 518 2.1 15 HIB P RSO 5, 4tk AN S RGEQ2.9) 4 TR
) 50 L5 7 19 76 29 4% 1o

3.1 BYEEELE R G 0 A PR (8] S AL S 1545l

EIR 3.1 BUESI 2.1 hREBRE AL, HX Fref0,T), A

7 (1,0)=0, 3.1)
L(x(6),u(t)) + 8,V (t,x(t)) + DV (¢, x(t) F (£, x(£),u(t)) > 0, (3.2)
L(x(2), ®(x(£))) + 0,V (£, () + DV (£, x(£)) F (¢, x(£), D(x(1))) = 0, (3.3)

MRS Q2.9)H AR EFE, Hu@)=0x0) NRGEMRM R mshds, Hit
AE PRI 2

J (i @)= min J(u(0) =V (0.5,).

WERR HH51H 2.1 51, RG0Q2.9)% 2 A BRI F e . N HUE u() = ©(x(2))
HNARGW B R w28, UEBH 2 AN . T8 2R — 3040 R B e i 4 ) 2
u(t) = (x(t)) B, HERERRELQ D)X EUE NV (0,x,) o 2 =K 58E 1V (0,x,) 1
PERE BRI E(2.11) 20 ) B /M

(i) Hu(t)=D(x(), XH x(¢),t[0,T) I/ RF(2.10). XFT Vee[0,T)

AV (t,x(t))+ DV (t,x(t))F (t,x(t),u(t)) = V'(t, x(7)).
H1(3.3)=Url 15
Lw0)®@vnr={8V0x0D+DVUxU»F0m0L®OﬁDH=—V0mU» (3.4)
EXIA][0,7) b, 3.4 PILFE R 15

jO’L(x(s), D(x(s)))ds = jo —V (s, x(s))ds =V (£, x(£)) +V (0, x ),
At—>wo, HE.DHAE

[ L0x(5), @(x(s)ds = il (2, ()] +V (0, %) =V (0, ),

12
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J (x5, ©(x(2))) =V (0,x,).
()& ut)e S(x,), EXHE x(t),t€[0,T), WHERFQ2.9). T Vie[0,T)

0V (£, x(£)) + D,V (t, X(O) F (1, x(t),u()) = V (£, x(£)),
H(3.2)2\ 13

L(x(),u(®)) 2 40 (6,x(6) + D (1, x(O)F (6, x(0),u(t)] ==V (6, (). (3.5)
TEXIE[0,7) L, 0F(3.5)ZPTIL [N R 15

ﬂuﬂ@m@»ﬁZﬁ—Vﬁﬁﬁnﬁ,

H1(2.6)30 5(2.7) RT3

anxa»Seﬁ””%qu@. (3.6)

i EH(2.8)2UA(3.6) 2 T 73
Jo L)) 2 [ =V (53050 2 [ =)V s x(5 )
> [ u(s)eh" "V (0,x,)ds

=V (0.3) [ [In (s) ~ p(s)]'e "™
=V (0,3, [P O -1].

j?un@m@»hzﬁ—mgmgm@ms

=—V(0,x,) lim[e" """ —1]

=V&%)Hw
CEL PR AE WA, 2RI H 8% u(r) = D (x(0)) B, ZIEHTEE RSE(Q2.9) M1 fE
BRI T (x,, ©(x(1)) =V (0,x,) N5 RGERIERERREL T (x,,u()) FIEH/ME. T2,
u(t) = d(x(2)) NI R BHEH 3. UEEE.

E 3.1 T CER[39]H A BRI TR A2 5E PE 4G 18, 2 3 3.1 (5 Bh R 48(2.9) ) HIB
JiRE, AT S IR AR R G0(2.9) A BRI R] e A S AR i B AEAE IR 78 4 A
EARVERE 2 B B 3.1 K STk [46] 7 2 BE 3.1 (04516 N A48 R G 3 1 AR
#4i b, HAUQ.7)NAEBSE p@) B NEHER, @2 3.1 RIS SCHER46]H
SEH 3.1 PSSR, ik, ER 3.1 SRS T SCHER[46]E B 3.1 S5 IR

13



L N N 2T e A e

3.2 EH 3. PR EAG2)MEG3)R, FRIE T RBIEH 8 u() = D(x(0))
M itE. [FE, H

D(x(1)) = arg min[ L(x(£), u(t)) + 8 Y (t, x(£)) + D V (t, x(¢) F (¢, x(),u(®))],  (3.7)
u(t)eS(xy)

AR, B R 88 u(r) = ©(x(0)) FIEUE S RGN x, ToHR.

NPT IR SCER 391 HETR 1 e S i il 28 47 7£ 1 78 7 2% 1 o
WL 31 MEAEEHT=T(x,)>0, FHEERN 0,i=12 ELSLHKE

W(t,x(t)):[0,T)x R, o XfVte[0,T), L LL F&ME

o,(|xO =W (&, x1) < @, (x(0)). (3.8)
W (t,x(1)) -1
DW(t,X(f)) < ﬂ(f)W, (39)
W(t,0) =0, (3.10)
L(x(t),u(t)) + 37 (1, x(t)) + D WV (1, x(t))F (¢, x(1),u(t))e " > 0, (3.11)

L(x(1), D(x(2))) + 0 W (t,x(£)) + D W (t, x(£)) F (1, x(1), D(x(t)))e " P =0.  (3.12)
M u(r) = ©(x(¢)) N RS (2.9) A PRI (8] B I S 54 1) 2

HUEFA 4
V(t,x(t) =e" O 1, (3.13)
H1(3.8)x0F1(3.13) v 15
v,(|x))) 260D _1 < e, x(e)) < e FOD —liuz( k() ), (3.14)

BI5IHE 2.1 H1(2.5)20F(2.6) AT
H1(3.9) A (3.13) X AT 15

DV (t,x(t)) =" "' DW (t,x(t))

UG

W (t.x()
se () S0

(3.15)
= p(OV (2, x(1)),
g1 2.1 Hr)2.7) WAL
B 513 2.1 A1, R G0(2.9) i 2 A BRI (A Fe e P T TR IF B 7E S 15t il 4%
u(t)=O(xO)VEFF, RG0(2.9)HI1: A bR R /M .
HE.1D)Z, (3.12)x0F1(3.13) T #43

14
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L(x(t),u(t))+0W(t,x(t))+ D W(t,x(2))F(t,x(t), u(t))e” <
= L(x(t),u(t))+ """ D W (t,x(t))

(3.16)
= L(x(t),u(t))+ DV (t,x(2))
= L(x(t),u(t))+0,V(t,x(t))+ DV (t,x(¢))F(t,x(t),u(t)) =0,
5
L(x(t),D(2))+0,W (t,x(t))+ D W (t,x(t)F(t,x(t), (D(t))eW(”x(’))
= L(x(2), D (1)) + " "D W (t,x(t)) (3.17)

= L(x(t),D(t))+ DV (t,x(1))
=L(x(t),®(t))+ 0V (t,x(t))+ DV (t,x())F(t,x(t),D(t)) =0,

HUEFE 3.1 FH(3.2)R1(3.3) AL . H1(3.10):FN(3.13)2, I E# 3.1 3.1k
oo HEH 3LAL, u(t)=>D(x(0) NRGQR.HNA R B &L R st . k.
7 3.3 B9 A HIbs E R ECN:

,u(t)=—Ta_t,te[O,T),a>0, (3.18)
B9 R RN
a(eW(t,X(t)) _1)
X8 [0,0) b, *F(3.19) AR 15
W (t,x(t)) < In[(e” —1)(%)“ +1], (3.20)

HH SCRR[39T7RE 2 BT 20, (3.20) BN A SCRR[49] € FE 1 HHHI(7). Hik, e 3.1 H
¢ T SCHR[49] A PR I [A) £ 5 VR 458 I B A S A% ) AR AE I 78 40 461

3.2 FRELMA AT I E LS R G A B BRATE) S U R it

AR FTUN R AR LT S N AR B 71 R 4t

3}(;) = 1(t,x(t)) + B(x(t))u(t),t >0, (3.21)
X H x(t)e R",u(t)e R",B:R" — R™™" . kAL k%L
L(x(2),u(t)) = L, (x(2)) + L, (x(0))u(t) +u(t) "P(x(t))u(t), (3.22)

XHBEL:R">R, L,:R" >R, P(x(t))/&%E LR FHIEMESLEE. T2,
1D AR N

15
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J(x,,u(t)) - j:)[L1 (x(2)) + L, (x(2))u(t) +u(t) "P(x(t))u(t)ldt. (3.23)

EE 32 e sl B o201 Bk oL, HOfFEE S MK
V(t,x(t):[0,T)xR" > R, , ¥ Tre[0,T), A

V(t,0) =0, (3.24)

L,(0)=0, (3.25)

OV (t,x(2))+ DV (t,x(2)[f (¢, x()) —%B (x()P(x(1)) " Ly (x(1))"
(3.26)

—%B (x(O)P(x(1))" B(x(0))" DV (£, x(t)] < u()V (1, x(t)),

Li(x(£) + 0,V (#,x(0) + DV (&, x(1)).f (£, x(2)) - %[Lz (x(2)) +
DV (t,x() B(x(¢NIP(x(1)) " [L, (x(1)) + D,V (¢, x(1)) B(x(1))]" = 0.
VUIFE B A il 4

(3.27)

u(t) = O(x(1)) = —%P(x(t))l[Lz(X(l)) +D J(t,x))B(x(1)]' =0,  (3.28)

TER T RG22 2 mA RN TAEEE, Hu() = 0(x(t) NRGE 2D KA BRI
N 5 A0 S A3 ) 8%

MERA GERE 3.2 W HERE 3.1 HEGE].

X F(t,x(0),ut)) = f(t,x(0))+ B(x(@)u(t) - (3.28)7 AT

—; (L, (x(0)) + Ly (x(0))u(t) +u(t)" P(x())u(t) + 0,V (¢, x(t))
u
+D .V (t, x(O))Lf (2, x()) + B(x(D))u(1)]} = 0,

(3.29)

HER.

I, (3.24)3, (3.26)=XWA(3.27)X AT LA (2.7), (3.1)AM3.3) A E A2,
HA L (x(1) = ©(x(2)" P(x(£))P(x(2)) = [0,V (¢, (1)) + D,V (2, x(1)) f (2, x(1))] » FH(3.3)
X, (3.22)=F1(3.28) A A1, (3.2): A AR RN

L(x(),u(®))+ 0,V (t,x(1)) + DV (¢, x(0))Lf (¢, x(1)) + B(x(t))u(?)]

= L(x(),u(t)) + 0,V (t,x()) + DV (£, x(0))Lf (¢, x()) + B(x(t))u(?)]

—L(x(), D(2)) =0V (t,x(1)) = D,V (¢, x(0))Lf (¢, x(1)) + B(x(1)D(#)]

=[L,(x(0))+ DV (t,x(2))B(x(2))][u — P (x(?))]

+u(t)" Px(t))u(t) = @(x(1))" P(x(1))D(x(t))

= =20(x(1))" P(x(0)[u(t) = D(x ()] +u(?)" POx(0)u(t) = D(x(1))" P(x(x))D(x(2))
= [u(?) = @ (x(1)]" P(x(1)[u(t) - D(x(1))] > 0,

(3.30)

16
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H1(3.25):0f1(3.28) A @(0) = 0. FFH, RuiFEHl#3.28)=i23.7)=. ",
(3.28) N A S it il 2 . IEEE.
3.3 #ERM

AR S8 T AR D7 O AT Z AR A M AT S0
Bl 3.1 & R Gish /1R b

x(t) = A@)x(0) + B(x(6))u(t), x(0) = x> 0, (3.31)
] .
——+isin 4¢ 1
XL A() tSCHR[S0]H 5 s A =| 1T | . B(x(1)) = (L1) »
-1 i +sin 4t

xX(2) = (6, (0, %, ()", u(?) = (u, (1), 1, (1))
R AGHIGEIRE A x, =(12,3)" « A HIFIA u() = (0,0)" B, BRRGFA.1)
HARE, HARSHTWE 1 s,

/ A
200 - A )
A
|
100 / \
//‘ \\
— / \
= < w L L
N N /
o) - N / A /
£ \ / v
o -100 \/ \ /
/
-200 [ \\ /
-300 \ /
V
400 . ; \ . )
0 1 2 3 4 5 6 ¥ 8
Time(s)

1 T NI S RS0 PRSI
4> Lyapunov BV (¢, x(0)) = q(t)x(t) " x(¢) ,

qa)=(5%§;j,Luﬂxua»=l«xa»+Lxxa»Mﬂ+ua)%om

PERE B HCN
JeO,u(@) = [ LCe@), @) = [ TL () +Lo(eE)ual) +u(z) "u(@)lel,
b

17



TRUTRR RS L 220018 3

() +2,(0).( lt +sindn)x, (0) - x ()]

EH(3.28)EQ$D§\?}E(3.3 D5

1
2

t_ _
*(0-(77

+sin4t)x,(£) + x,(H)]",

OO (2 (0 -

+sin 46)x, (1) + x, (D),

L
DV (t,x(0)) = [qE;—zq(rnV(z )=l ey WV ex0). 632
HGB32) N4 E5QAHRTTH, ue)= ! —2( 0.5 Y o HLi 2

0.50.5-1) 05—¢
lim L pu(s)ds =—o0, HHF T=0.5. K x, = (x,,2,)" > I (x(t), D(x(0))) = X2, + 22,

RANMREAR TGS, J(x@), P(x(1) =153, % EArik, @it Matlab $E 1/ E45
BTN EE

S X, (t)
e %,(0)

2 . . . . . . . .
0 005 01 015 02 025 03 035 04 045 05
Time(s)

K 2 ALiEHA N RS RPIRAE L
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Control

14

HE 2 51, REG3NERMEREIEGIES u) = o (x(0) FEH T 2B SHE
#, HAEt=048s<T=0.5s f RAMPREPIL x(1) =0 . BIL, TERMIRITIEH
R, NAERS3.31) 0] LASCHA RIS ) A8E . B 3 NmAiaa (e 5 BEm A
A2, R DUE A S 5 i B B I TR BT AN W e A . FEI AR R4
B3DZHETRE RS, EHIE S E WA RN R &I T 0. JLi,

) ><1010‘

0 005 01 015 02 025 03 035 04 045 05

Time(s)

3 EAEE R A

A PAA Y S Az il 2 B SE B 1 A BRI TRI RS E
Bl 3.2 %5 & RGPl SRR IR

x1(£) = x, (1) +14,(£), x,(0) = x,0, 2 0,

xa(£) = —2x, (1) cos t + Nt () sin 10 +u, (), x,(0) = x5, > 0,

REGMYIEIREIE N x, = (12,-12)" o “EHIHN u(?) = (u,(0),u, ()" =(0,0)" i,

RGGI)HPREPILEAFEE, WA 4 s

60

40

20 -

State

-40

-60

\

\
0
\

20 - '».\

0

-
W N

W
: L L L I 1
25 30 35 40 45
Time(s)

Bl 4 Tof N RIS RS IPRES P

. L I L
5 10 15 20

% R 41 Lyapunov BV (¢, x(¢)) = q(t)x(t) " x(¢) , HA
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q(t) = ( 2 j L L(x(t),u(t)) = Ly(x(0)) + Ly (x(t))u(t) +u(?) "u(t).
PERE RECN
Je(,u(0) = [ L@, u(@)dt = [ TL(x(0) + Lox(@))u(e) +u() "u(@)}at,
Hrp
L, (x(1)) = 2[x, (£),~2x, (£ cos t +~/1x, () sin 107].
G453, 28)ﬁ$ﬂ%é}i(3.33ﬁ%

)= 0G0 [~ _) R 20 %, (6) +25,(6) cost 1, (1)sin 106],

L) =[~—2— . (6) x5, ()T +[——x2(t)+2xl(t)cost Jx,(£)sin 10T,
(2-1) 2-1?

LK

2-t (2-1)

E@S@ﬁ%é@ﬂﬁTﬂ,ﬂU—zj_afy

DV (t,x(0)) = [28 2qOW (1. X(0) = [ W (x().  (3.34)

, Hhr=2 . FFHWLEK

f#F Tim jo (s)ds = —o0 . FRNABLEHAR 18 T(x(1), D(x(t))) = x2, + X2, =288 o L7 LT
A, JEid Matlab £{E 15 552 7 UL TR

X, (1)
\\\ X, ) |

15 . . . . . . . .
0 0.2 0.4 06 08 1 1.2 1.4 1.6 1.8 2
Time(s)

K5 AUIEHIA T RS RIRE L
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@, ()
,()

Control
e
|
k

i 0 0.2 0.4 06 08 1 1.2 1.4 1.6 1.8 2
Time(s)

6 LIS AP
S AT%0, R SB0(3.33) AR SR 4% ] 8% u(r) = O (x(0)) fEF R 05 B sk
%, HAEt=172s<T =25 RGERPREFIL x(r) =0 BT, EHBMRATHEHI S
ERTN, B8 R 40(3.33) 0] LASE LA RIS TaIARE . B 6 mT i, SefidsilfE 5 &
A REMEIEAE N AR RGE(3.33) B TR, PG T (A AL FRIN 8] A B 2 i
T 0o BRI, ATRA N S ) e Se B T A BRI TR AR E
gie BRI BUE DT B S, PR AHSCES R IR T AR 19 5T 45 R A Rk
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$ 45 HNESHRREIREE RN R GRS
AR T KR B RR G R IRIRSSE AT Ik, eI b, 4
T KR B R S R I B AR 1 7643 o
4.1 R B ARG R A BRET 8] & Lk 1525

EIE 41 BRAEEBK=K(x,), v,i=12 5 7%58 K5, K
o(k):Z, =@, +0),0,>0 , K B Vk,x(k):Z xR" >R, , i 1§ ,

Vke{0,2,..,K(x,)—1},VxeR"

(), (|x(©)|) <V (k +1, x(k +1)), 4.1
V(0,x,) < 0, (| x(k)), 4.2)

AV (k, x(k)) <[ u(k) -1V (k, x(k)), (4.3)
p(k) =Inw(k)—In H 1(i). (4.4)

SR E L 240 W, RYEQ 120 AT LI IR
SERR FH(4.3)1%
AV (e, x(k)) =V (k +1,x(k + 1) =V (k, x(k)) < [u(k) =1V (k, x(K)), (4.5

R

V(k+1,x(k +1)) < u(k)W (k, x(k)). (4.6)
IR R, nI1E

V(k+1,x(k+1)) < f[ LG (0, x,), (4.7)

FH0(4.6) T 5 (k) >0, HE X 2.4 fA1=(4.4)15
%irg p(k)= %ln;l( pk)= %in[}[ln w(k)— lnﬁ H(i)] — +oo. (4.8)

XEWE, fFEESCc,, 15 pk)2c,, BIAF

[Tu®
e"’(k) < %Se‘co. (49)
0]

H4.1), X@4.2), K@ DHRHHX(4.9)7%

22
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V(k+1,x(k +1))
(k)
[T )V (0.x,)

S i=0
w(k) (4.10)

[T«
= o) ()

<e™ 0, (x|,
MERER e>0, 26(e)=6>0, fH1F e v,(5)<v,(g) . HAM4.10)AT %1, LR
| <5, 4

o (|x(o)) <

o (|x(©)|) < e v, (|x(k)|) <e v, () <y (),
B, WHEEke{01,2,...,K(x,)—
AN, B —J51H, B X 2.4 FR(4.10)FATHE AT PLE 352

<&,

[Two ol _,
fimo (o) = fim =2 Pt

0

Uz(”xo ”) hm H/u( ) ———

I, RGE2.12) A IRE TR EE, TEHE.
Hy O e B 4.1 T, ARZR I AR B IR 1t i) R (2. 12)196 A2 A BRI 8] £2:
TR TERCEEAE b, FRATE T — /MR BN AR [ s bR I B e B, %08
HARE T 2R M S U A8 RGN BRI AR e e, 13 Ak bR AU Mk
EIR 42 BRAFE—DNEHK =K(x,) >0, SHER k € {0,1,2,..., K (x,) — 1} £

2
u(0)=1, (4.11)
V(k,0)=0, (4.12)
L(x(k),u(k))+V (k+1,F(k,x(k),u(k))) -V (k, x(k)) > 0, (4.13)
L(x(k), (k) +V (k+1,F(k,x(k),D(k))) -V (k,x(k)) = 0. (4.14)

24 (k) = D (x(k)) B, BIEEZAE N x(0) = x, HT R BE(2.15)i 2 4 BRI a1 Fs e
B RE R EL J (g, u(k)) FT LLE B B /ME, R
J (%, @(x(k))) = min )J(xo,u(k)):V(O,xo)-
WERR TR, FATE PSR HEATIE S o 7R — 3 0 E e, 2 I it il
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& u(k) = O(x(k)) B, PERERAEL(2.17) X BTHUE NV (0, x,) » 25 3B BHIE 1V (0, x,)
ot RE B E(2.17) 2 B/ ME
()2 u(k) = d(x(k))» HH x(k),ke{0,12,..K(x,) -1}, ~RFQ.16)[IfE, H
@145
L(x(K), (k) =V (k, x(k)) ~ V (k + 1L F(k, x(k), ®(k))),  (4.15)
X (4.15)7E [0, k] LR A5

D L), k) = D[V (s x(k) =V e+ 1, F (h, x(K), (k)]

=[V ke, x(k)) =V (k +1, F (k, x(k), D (k)))]
+[V (k=1 x(k=1) =V (k+1,x(k+1))] (4.16)
+ oA V(L x(D) =V (2,x(2)]+[V (0, x,) — V (1, x(1))]

=V (0,x,)—V(k+1,F(k, x(k),D(k)))

Ak, HEE 41 MRA.12)5

lim i L(x(k), @(k)) =V(0,x)) ~lim V" (k +1, F (k, x(k), (k) ) @17

= V(O, x0)7

J (xy, P(x(k))) =V (0, x,).
(i) & u(k) e S(x,) » HA x(k),k €{0,1,2,...K(x,) -1} /& RE (.15 IR, ik

4.3), @7 (4.13)7%

L(x(k),u(k)) 2V (k,x(k)) =V (k +1, F (k,x(k),u(k)))
> (k) =11V (k, x(k)) (4.18)

> {H u(z‘)—Hu(z‘)} 7(0,%,),
STE(4.18)TE[0, k] L3R AT, @ 1) AL 215
D" L(x(k),u(k)) = pu(0)V (0,x,) — [ [ iV (0,x,)
r=0 =0 (4.19)

=V(0,5)- [ [ 4G (0.,

S koo, HEEN 2415
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ggfp@mmmmzma%yygfpﬁwmwg
B =1(0,x,). h
A PER IR, ARSI u(k) = O (x(k)) B, SZ3EEAE R S0(2.15) 11 RE
B (3, D(x(h))) = V(0,x) 9275 RGO HERE BB (v, () FO M. T A2,
u(k) = ®©(x(k)) AR GHE R & IEEE,

(4.20)

4.2 AR (A SRR SRR G RO A BRAY (8] S LR IR

BNk, AT E R 4.1 Mg 4.2 145 R4 [TH T HEZM: 07 5 I 22 S i sh
N&EG . B, HRF ARG SO A2 07 51 80 ) R4
x(k+1) = f(k, x(k)) + B(x(k))u(k), x(0) = x,,k € Z_., (4.21)
XH x(k)e R",u(k)e R",B:R" — R"", B e MRS
L(x(k),u(k)) = L, (x(k)) + L, (x(k))u(k) +u(k)" P(x(k))u(k), (4.22)

XHEL:R">R,L:R" - R"™ P(x(k))>0. Hitk, RQ@.14)ALIERH
J (xy,u(k)) = iLl (x(k)) + L, (x(k))u(k) +u(k)" P(x(k))u(k), (4.23)

IR 4.3 e 4.1 R RoL, HAFER,:R" >R ,P,:R" — R™",

P,() NARGTUEM, MWK =K(x,)>0, SHMEEKR ke {0,1,2,....K(x,) 1} i 2

1(0)=1, (4.24)
L,(0)=0, (4.25)
P,(0)=0, (4.26)
V(k,0)=0, (4.27)

4 [k 1, £(x00) = BGONP(R) + PN L () + &(x(k))fj V) (48
< (k) =1)V (b, x(k)),
V(k+1, £k, x(k)) + B(x(k)u(k)) =V (k +1, f (k, x(k))) + B, (x(k))u(k)

(4.29)
+u(k)" B, (x(k))u(k),

L (x(k)) _i[Lz (k) + By (xCGONLPGe(R)) + B (2] '[L, (x(k)) + By (e
+V (k+1, £ (k,x(k)))-V (k, x(k)) = 0.

(4.30)
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TFE S boeds o) 2
1 1 T
u(k) = d(x(k)) = —E[P(x(k)) + P (x(k)] [L,(x(k)) + Py(x(k))] (4.31)
ERT, 2442002 RARMERE, Hukk)=>o(x(k) ARFZA2D)NE
PRI [ e e e A i 2% o
WERA R 4.3 W e 4.2 HEAIER.
B £k, x(k),u(k)) = f(k,x(k))+ B(x(k))u(k) . F(4.31)A]H

a—au[Ll (x(k)) + (L, (x(k)) + B, (x(k)) Ju(k) +u(k)" (P(x(k)) + B, (x(k)) ) u(k)
+V (k+1,x(k+1))-V(k,x(k))]=0,

(4.32)

WA A R @3 DR, K (4.28) 15 (4.30) ] 3 (4.3)FI1X4.14) LK
(430)RE#ZBE. BN, Pxk)+P(x(k) >0, H4.22), K (4.29)F13:4.30)
A, R@13)ATERN

L(x(k),u(k) +V (k+1, f (k, x(k),u(k))) =V (k, x(k))

= [L(x(k),u(k)) +V (k+1, £k, x(k), u(k))) =V (k, x(k))]
~[L(x(k), @k +V (k+1, f(k,x(k), D(K)))~V (k, x(k))]
= [L, (x(k)u(k) +u(k)" R(x(k)u(k) + B, (x(k))D(x(k))
+O(x(k))" B, (x(k))P(x(k))]

= (u(k) = D(x(k)))" (RCe(k)) + P, (x (k) (k) = D(x(k))) 2 0,

(4.33)

Hrp
L, (x(k)) = @(x(k))" (P(x(k)) + By (x()JD(x(k)) =V (K +1, f (e, x(k))) +V (k, x(k)) = H
(4.25)= X435 D (0) = 0 - I H, Szl #4.31) 2 2 (3.7)5. B, (4.31)
AT BHE S . EHE.

E 4.1 @29 IE T RV (k +1, £ (k, x(k)) + BGe(k))u(k)) 7F u(k) HHI M

EARME B S WOTHR[52].

4.3 BUERR

FEAT R, BATGRAL 7 BRG] 7 RUEM AT EZ LR AR, 8w
NI AR B HCRL AT R 4G

26



L N N 2T e A e

X, (k+1) = f,(k, x, (k), x, (k) + 1, (5), x,(0) = x,,
x, (k+1) = £, (k,x,(k),x,(k)) +u,(k),x,(0) = x,, (4.34)
VX6 = ) s, O BRI 22). S

P(x(k)) = P,(x(k)) = 1, B, (x(k)) = [2.f; (k, x,(K), x, (K)),.2 £, (K, x, (), x, (k)] o 22

L, (x(k)) = {2f1 (ko (), 3, () — 4, () 4 ([ % el } (k).

(4.35)

2 £, (kx5 (), x, () =4, (k) —4 ([ Kf (;{’i D -l sz(m }

H@4.31)A 15
u(k) = P(x(k)) = —%[R(x(k)) + Py (x(k)] 'Ly (x(k)) + By (x(k)]

_ _i[ L, (x(k)) + P, (x()]"

K-k (4.36)
—{[K_(k_l)] 3, (6) = f; k%, (6, %, (6)),

K-k L !
el fz(k,xl(k),xz(k))},

H20(4.29)f1:0(4.36) AT 15

AV (k,x(k)) = V(k +1, f(k, x(k)) _%[Lz (x(K)) + B, (X(k))]Tj =V (k,x(k))

K e 2 B K )
_(K—k) [x (k+1D)+x5(k+1)] [K—(k—l)] [x] (k) + x5 (k)]

1

e _ a 4.37
=(K[fk>la{[ K-k ]2} [ (k) +-x3 (0] 437

K
K —(k—1)

K—(k-1) 17 [x; (k) + x5 (k)]

K-k — K
K—(k—l)] 1}[K—(k—1)
K-k
K—(k-1)

=1 e[ (k) + x2 (k)]

=1 1o — 13V (k, x(k)),

K-k -

H0(4.37)45 & X (4.3) 7 A, u(k)z[K_(k_l)]lfa o “ia @20, R AT

k k
,{gigogﬂ(l) =,}g1}<[0[ﬂ(l) =0,keZ,

Bl 4.1 R, JATEES 100
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() = (— 4 £5in 40)x,(£) + x, (£) + (1), %, (0) = x,,
_ I+t 1 (4.38)
x2(t)=—x,(t)+ (1 Ay +sin4t)x, (1) +u(t),x,(0) = x,,,
A2 B 20
X (k+1)= xl(k)+h[( L\ ksindb)x, (k) +x2(k)+u(k)},xl(0) = %,
1+k (4.39)
X, (k+1)=x,(k)+ h[— x,(k)+ (1 +1k2 +sin4k)x, (k) + u(k)}, x,(0) = x,,

Herbr > 0 287 KA 8] B i a]

,h=0.1LK =8, IEMRGHIERE N x, =(12,3)", HHA(4.36)7T1F

éa=%
8—k 1
u(k)=cb<x<k)>={[8_(k_l)] 5 ()~ (—

+h sin 4k)x, (k) — x, (k) ~10x,),
(4.40)

Sk p (k) ()~ (—

[8—(k—1) 1+k°

T
+sin 4k)x2(k)—10x2} :

FRNF R JG1F T (x(2), D(x(2))) =V (0, x,) = % o £k BRTIR, @it Matlab

LACERUIC R EE Y TR

HIP 7 ATRL, R GE(4.39)1E e L SR B 4% u () = D (x () 1R N 2B RSk
e, HAEk=8s B RANPRENLE x(k)=0. B, fERMREIEHEFET,
AR 2 48(4.39) AT LLSE LA BRI TR A2 2« il 8 AT, iz hilE = A RE%
b5 A R G0(4.39)i2 0 a TAaE, EHIE S E AR RN N2 &L T 0.
BRI, TR B i o thSE B 1 AT PRI ] A2 €

& X0
® %

Time(s)

K7 mALEHIA T RS RPIRES L
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4 N .
*
20
*
40
*

% * 0
B i
= e ¢ 20
o

*

e -80
-100
-120

L 3
-140

] 1 2 3 4 5 6 7 8

Time(s)

Pl 8 B pIe il i A\ ik

5 4.2 # 1ok, FAIFEIESN 1507 1%
x1(0) = x,() + 1, (1), %,(0) = x,,¢ > 0,
xa(t) = ~2x,(£) cos  + () sin 10+, (1), x,(0) = x,,£ > 0,
R U G

x,(k +1) = x,(k) + hlx, (k) +u,(k)],x,(0) = x,y,£ 2 0,
X, (k+1) = x, (k) + h[=2x, (k) cos k +Jkx, (k) sin 10k +u, (k)] x,(0) = x,,,¢ > 0,

Herbr > 0 287 KA 8] B i A1)

(4.41)

(4.42)

é\a:%,hzo.l,K:S, R ARG VISR E A x, =(12,-12)", HF(4.36)
CIES:
u(k)=<1>(x(k))={[ ok I x, (k) = x, (k) —10x, (k)
S5—(k-1" " ? e

5-k

[5—(k—1)

P x, (k) +2x, (k) cos k —/kx, (k) sin 10k —10x, (k)} :

(4.43)

PR FEHE G 15 T (x(£), D(x(1))) = V(0,x,) = 200 . 3T Matlab H{E 1/ 515

BT LM EE,
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L U]
+
& %

State
[=1
e

0 0.5 1 1.5 2 25 3 35 4 4.5 5
Time(s)

K9 mALIEHIA T RS RVIRE L

‘ISD|

* 00
& o0

100

50

o

Control

-50

1004

-150

0 0.5 1 1.5 2 25 3 35 4 4.5 5
Time(s)

10 e el 4 A ik

B 9 FI %N, RG0(4.42)TE B R BT 2% u(r) = @ (x () 1EF T 2 0 208k
Fat, HIEk=5sH RGHPRENT x(k)=0 . B, EHRM IR BT,
i 25 R 45(4.42) AT LA B PRI 1A RasE o FHE 10 AT %0, St il S B e
bt B AR R G (4.42)1% T T AR, B HIME S MAEA RIS ] A BE 2 iR T 0.
BB, AT RAA O IR ASHE f 2 S 1 A PRI R) A2

LRty FRBEAMG SR, BRI SCEE IR T AT 74 B o
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FBIE RESRE

ARCE 3 BTN ARIESE R gAY IR A RGE M 418, $RHH T SRIN AR IS &R
G PRI () B LA 0 70 B 05 3%, WIEE 1 I AR IR SR R Gt A BIR AN ] B e A% 1 1) Rt
FHSRHIE TERERR I AN R G R S A I BN A R ¢, ) 7 R Gl DLz il 4
WHERIVE R . JF 8 A EE 07 R BIISE 7 AT T4 R A Rk

ARCE 4 BTN ARIELE R A BRI ARG e M B4R, 456 2 0 s AU B
TN AR HUAR G AT BRI AR e Ve i, B 1IN AR B HUR G PRI 8] A2
PEFER . LA b, 25 TN ACEH R g IR (R S DL ) 0 78 7 2 A, i3k —
AR TN AEBAR G RIS .

SRS, ARSCHEFE TARUIA — 28 e 2 A 5 2t AN e, ARG ELR
NCVESER PRIV

(1D FEWFFIRN R L, ST TN AR R GE T i Lyapunov bR £ I A2 KL
NbREE, AR BT BA R IR IN ASRFIE ) Lyapunov BR 4L,

(2) (EWHFUITE b, RSO e L 32 2R I HIB J5 2, H i — 250
FETTEAAEAL 1%, A/ MEL IR DAL 50 285 MR i 25 o ARORORE B oAt 5 VAT 7T
FLEAN A 5510 55 -

(3) FERUERAN L, ASCHE Matlab F R I RRAL 5%, 1205 KA T et
ATIEAS, HEABARN: HZ IR Sl RITUSRAR . 127571 5 5 (e (E G
FERAR,  ARACKER S E RS 7%, 152 RS i A B
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