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ON GRAPHS BEING DETERMINED BY THEIR
GENERALIZED SPECTRUM

ABSTRACT

The problem of judging the spectral uniqueness of graphs in graph
theory has not been solved. The existing methods of judging spectral
uniqueness basically require the graph to have a special structure, which
cannot be extended to more general graphs. In recent years, Wang and Yu
have proposed a new method to determine the generalized spectral
uniqueness of graphs. This method is different from previous ones as it

does not rely on the special structure of the graph. If

n

0(G) = ged {2M det W, A(G)}

is odd and square-free, then G is DGS. Furthermore, Qiu has proved that
part of the above result also holds for the generalized skew-adjacency
spectrum of self-converse oriented graph. When the determinant of the
walk matrix of a self-converse oriented graph, divided by 2!"?) | is odd
and square-free, then the self-converse oriented graph is determined by its
generalized skew-adjacency spectrum. And, a natural question arises:
how should we determine whether a graph is determined by its
generalized spectrum when 6(G) is odd but has squared factors? Can we
also make some improvements to the unique determination of the
generalized skew-adjacency spectrum for self-converse oriented graph?
The main achievements are as follows:

1. Let Geg' such that 6(G) is odd. If for each multiple prime
factor p of6(G)and for each multiple irreducible factorg(x)of @, (G;x),

min {ordp (det¢(A)),ordp (det¢(A +J))} =deg¢ (x),

II
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Then G is determined by its generalized skew-adjacency spectrum.

2. When considering the generalized skew-adjacency spectrum to
uniquely determine oriented graphs within the class of self-converse
oriented graph, although the class of graphs has been narrowed, a simpler

criterion for determination is obtained under this restriction.

KEY WORDS: Generalized spectrum, Walk matrix, Controllable graph,

Rational orthogonal matrix, Oriented graph.

III
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3155

A% 8 2 B P SRR R P B A R 21 i T SR M i — M, R —
ANFEo A, HIBT— 2R R T SGEME— 1. BT R R R e 1.2, A
ERAEOG) BT R FMEN T, A —NEARUENERAW G 25
ST ME— ).

AT HER ko) 2ok, HRreEdd A l#E2 TR
RHETFRELT, ST —ANERTGEME— AR B, BRHE S
KTTEAEN. B, & p REARL p* |detw . FHLE, T EIRIHED,
EW FMOEH T e TR SGEME— 7m0 0. — S RIECHEPIS,
1B ¥ rank WV = n— 1 I IIHERR S50 50— AN RAECEBIT, Ri%d, (W) & T T I A
T A, (e 1.2 BERR T b TH R TE R R PR AN S A, B T
— & 0(G) WA TGN, HIEBISEIGH, o w0 e A AR
— Ul X E B A 2 Ab.

A% B 25 B IRUIE B S S 1 S FE 637 38 i LR, B LA G R AR T
25 5L IE A 2 AN ] /D .

RE WG ZHA T : SCEAE 3.2 NN AHE RIS RS S, B2
A BLSCHRBO. 75 3.3 /gy e 3 1.2 B RAIE I, JRAE 3.4 /NI s A5
VOB e 1.2 Qe (5 R B A . A BT OB I s Kt , 328
Yo E B 1.2 Mg B 11 AT IRER. a0 FETI AN 20 BIRHERENLAE B 10000 /N,
SAEER 11 FUERE 1.2 % AR 20 BRSOk e — 1. AR e S
KEHIRAp.

3.2 £ F, LA =EE

Bp R—AETRE WAV T, Zoma G EAN AR 0 - 4EZ 230, B A
v T A, A oy = 0 FATFR w, v I HR R Au Ly, 52 2B4,
LEENueU MveV #Eu"v=0, WFRHNTREZIEZLHIFHU LV KER.
HoANERAREyeF 2 u u=0, BEAVUFR ZER TR, BI, SERE—

12
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MFEEY CF,, ERIEAZ AN 2
y+ :{u eF) :viu=00fEEMve V} )

BFEEY e, RARY Ak,

e AR, i/ noon BOXERREERE, JRATAT LA A B fE— MR, T4
FAEE A ATV WL R x eV B AveV , BATRY £ AR
TN, S, BRATRER AQARB TRV, RAIA A, 25 A RHTEY i
SRl A, B R ORI B e 1R OS5 S W B AR B R R
H.

5138 31140 GERAMREED B X (4 x) e F, [x] RAENE A MO 2 T4

X (4x) =4 (x)¢7 (x)- 4 (%)

B X (Ax) R R, BV, =Kerg (A),i=1,....k. 735

(D F =V@r,o -0V,;

(i) AV, R AR

(iil) A, FRRHEZ A ¢ (x) ;

(V) 421 Z IR by (%), ok () 573 b (A) (EFIF 7, R SR e, AT
Vo(j#i) REAL

(VIMERAANETZERU, (EU=(UNV)SUNY,)e--®(UNV,).

513 3.2 513 3.1 M, [/R T mie
(1) kerg,(4) e AR, H{0}=kerd (4)cV,:

()X T A EERNAAZRTERNU, HEOLSTAELLY, 5, H
dimU =r-degg, (x) re{1,2,....,z}, FHEILA dimU > deg (x).

WERA: HEIEE 3.1, BRIV AEE. Wikg (4) f g (4) RERM. XE®E
kerg (4)4E%E. 4, kerg (A)ckerg (4)=V, Hkerg (A4) 2 ARZEM. HILIE
().

FNU R ARERHU cV,, TAFE X (Aly;x) BB X (Al 5x). EEH
G0 R X (A],;x)=¢7 (x). HTUIEE, FULX(4],;x) HREA%ET
0, BT X(A)x)=¢ (x), Hhr<r. W

13
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dimU =deg X (A4|,;x)=r-degg (x).

EEE O
513 3.3 WARTF, H—MXFRERE H U R AR ) A AET25 6. FHE
3.1 PRI SRR
(i)fEi= AV, LV,
(i) V' =Ve--oV &V, & --0V;
(i) % ¢, (x) ZHHA, BAUNY, ={0}:
(VY U=&(UNV,), Hhiabriifer>2.
WEB: WM n a2y, My mpmaE. gl B 3.1 Gv) f 4 R FREERE,
QPSEE

En=(h(4)&) n=&" (h(4))n=0.

KAHGE 1 (1),

W (1), RMEV o0, V,. H—Jiim, syt FBEEE S, aTeeE
dimV* =n—dimV,. EEHdm(®,_ 7, )=n—dimV,, TRy #ETe, v, W
UEM T ().

WS=UNV,. @EUMY,aTLAEE S2Z ARER. BikS=0, RIWE
S=V,. WRNSRVIFEME, BrblX(4lgy) #6 X(4],5x). HBEF
X(Al, 5x) 2 (x) RATL LN, WLTH X (A|;x)=X (4], 5x). LS
S=V,BAL. XBHANV,=8ScU HU ek f=aE, Fiv: sut oUov,.
f/\(n)Tu%@J@mV oV, KFEEH3.1(1)FE, HEkS DAL
KHUIER] 1 (1) . @i () M5 E 3.1 (v), IRESERIAGI HR)E %15, o

BI30 3.4 B A RAERBAUERE, H g(x) 2 X (4x) EHRKE, LR aT2H
EAV i 1574

ord, (det #(4)) = deg¢(x).

WEB: & S =diag(d,.d,,....d,) R HEHIERE §(A) 1) SNF. JERZR], 7RI
F, o, ¢(A) MEEET dimkerg(4), H 513 3.2 ZURHE nullity ,¢(4) > degp(4).
Wr=degg(x). MaiidsIH 2.1 FI5I# 2.2, FAVEIE pld,_,, » FIAFEH]
p'|detp(A). KL T ord, (detp(4))>1. o

14



8 W YN R R TATS'S

BRI 3.4 AHEE H, F (x) 2 X (Ax) M (A+T5x) A IRIE, LA
CIEA PN SE= vl

min {ordp (det¢(A)),ordp (det¢(A - J))} >degg(x). 2.1)

HEFXQDMAZERX2.1), BB 1.2 32U, & G A DS B, MAAEL
2 R RO
3.3 EIE 1.2 RYIERR

A S AAE B 12, 4 G RN n ANTUSIIE H 0(G) a4
HE P BT BB G AR SGEME—E (DGS). M4, 8513 2.4, {74
HEQeQ(G)He>1. AT 25 (v), RAVMIE(CRWE. 4 p R IONER
HEANTF, I AAET RO HEEXA p. dalE 25 (1), RATMIE
pldetw . BE—2CH5I B 2.5 (i), S0 p* |detW . H2Z L, @il 51 # 2.5 (iv)
R (iil) %038 p? [A. BILAE] p* | 0(G).

BO=0-0. BAHcol(Q)Fm OLEAIMIE, FINFIZEI, TRE KT
Ji].

318 3.5 T col(Q)c FrARE, 4pki, H(A+u) AHasia, H
t{0,1}.

WEB: BT 01, BATMIEO£0 (mod p) Heol(O)E. #a=0cqeZ' M
B=0c, eZ", Hrh e, €Z . BHHE A O QzEZIEO(modp), Fit DL 15 3]
a’f=0 (mod p). Bk, col(Q)RARKFMZEN. &5, @it 0eQ(G), HiTH
Qc=eMQ"40=B, X BR(0,1)-4FE. H Bk, 7ERHFZ ]
A0=08, HEHAMRIKE, hiFRar. M35 col(Q) 2 AR/, thsh, BT
JO=0J=0 (mod p), BT, WL RHIZE col(Q) L%, [HILH ] col(O) 2
A+J RABI). 0

WX (Ax) =g ()2 (x)f (x) B X (4x) FEARIE, FRFRHEMER,
RIS EE 3.5 A1 3.3 Al 5

col(Q) (col(Q)ﬂker¢ (4 ))
Jerbr={iir 22}, Esaﬂfcol(g)aﬂ—n FATHIE 1 ARG HE D AT

15
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?I‘Eﬂcol(é)ﬂkerqﬁf(A)/—«Eéﬂlﬁg?ﬁ@. X EIRIXFER H‘ﬁ%col(@)ﬂkerﬁu)&%
% S =col(Q)Nkerg/ (4). MARMIFE] T %G5
{0}#S=6(4)S =47 (4)S =>4 (4)S ={0}.
B jef0,...,n) AL ¢/ (A)S EBMBANTEE. A RRb j<r BA
#" (4)S ={0}. VERFlcol(Q) DS D¢/ (4)S . ALIEHE:
S =col(Q)Nker g, (4)> ¢/ (4)S .
RS BRIl S, IFdiegs R IS E X
X 30 4 $(x) R X(Ax) £ F, oh— s AT 28, A
col(O)Nkerg (4) %
Bl 3.6 AR ATLIN ¢ (x) A X (A+J;x) MEHR I HA:
col(Q)ﬂkergb(A):col (Q)ﬂkerqﬁ(A +J).
EB: 4 T=col(Q)Nkerg(A) Mg eT. HREHIT & AREH, HATH
A'”TCTCCOI(Q)W A’"fecol(Q) ,
Horfrm BATEAR B BT J0=0J0=10J =0 (mod p ) F1 4”& ecol(Q), FA
BEEF, 1 J4"E=0. WHHATRR(4+)" & = 4"E WERAEFEE R m 5oL
T S ekerg(4), EABEIG(A+T)E=¢(4)E=0.
XK & e col(O)Nkerg (4), AT E ekerg(A+J), Fh & KIFFREPERT
SEIE
col(Q)ﬂkerq)(A)ccol(Q)ﬂker¢(A+J).
¥ Bk AR A+ T i, PSR ErAHRES KRR, KRR 1513
YRS
B FORAE IR A5y, RATE SN 3 ¢(x)| X (A+J5x). HARR, 55 4(x)
RX(A+J5x) T, BAERAN R u(x),v(x) e F, [x] 13 FRB
u(x)p(x)+v(x) X (4+J;x)=1.
XA
u(A+J)g(A+J)E+v(A+T) X (A+T;4+T)E=E.
& BB AITE (A +J)E=0. 53 5h i B YL SE 5 ELADE X (A+J; A+ J)
TR, BEltbe=0, X5 BT E, ZKiEH 7X WS,
T HIE @ (x) 18 X (A+ J3x) PRI, G315 3.5, R F col Q) &
LT LR A+J FASH. W% ¢(x) BB, H4 815 33 (i) Bk

16
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col (O)Nker g(4+J)={0} .
{1 col (O) Nker ¢(4 +J ) =col (O JNker ¢ (4 ) BRI, KREFIEN. KHTEM
T 5 AR, o

a5 @, (G x) = ged { X (4;x), X (A+J;x)} e F [x]. HHT R ¢(x) 7 X (4 x)
X (A+J;x) SR ERER, ATEURA SRR ¢(x) RO, (Gx) MEEA. 3
IR EME N MBS R

G 3.1 2T g (x) 2 D, (Gix) AT E R A,

RR 3.2 7E LT, R X — ANEE A L

mln{ord (det ¢(4)),o0rd (det¢(A+J))}>deg¢(x).

EBH: BATGIEW ord, (det¢(A4)) > degd(x) H7—#4r, HI(A+JT) T H#
R RABE]. 4T =col(O)Nkerg(4). @it 318 3.2 AT AE%, 4 A48 HYE
HE D degp(x). IR dimkerg(A)>degd(x), AAFTIHE 3.4 FIUEAHL AT
LL73 %] ord , (det¢(A4))> dimker$(A4) > degp(x). M ¥ dimkerg(4)=degg(x).
Bk, T=kerg(4), Eﬂﬁkerqﬁ(A)ccol(Q).

B &, 2 Z\{0} F AR A & H AT ¢(A4)E=¢(A4)n=0 (mod p). FA]
Wi

E'¢(A)n=0 (mod p*).
K ker g(4) < col (Q) , ATHBIEABUKT, 1 £, € col (Q) I HBATHAT LA
i
£=0u+pa,n=0v+pp,
HAru,v,a,peZ". WA, ERD ARSI, FAITH
& 9(A)n=(0u+ pa) $(4)(Ov+pp)
=u" (0" ¢(4)Q)v+ pa’$(4) v+ pp’¢(4)Qu (mod p*)
KN p | e Q" A"0 = B" ZBHUEREXME R IE B Hm AL, Fr LU IR A 575

. (3.

il
0"¢(4)0=1"0"¢(4)0=0 (mod p*).
T kerg(4) ccol(Q)  FATATLLEHE ¢(4)(Ov)=0 (mod p)IF AL
paT¢(A)(Qv) =0 (mod pz).
52 AL, Ffi1 T LA 3

17
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pﬂr¢(A)(Qu)EO (modpz).
gty B G)HITE g (4)n =0 (mod p* ), IXALIEN] TIXAWTF.
i s=dimkerg(A4), % &.&,,.. & s MEHmEHLRZAREF fkerg(4)
215 Ao BRI, BATEIE & 9(4)n=0 (mod p*), BIFFH:

A
é:iT ¢( )77

=0 (mod p), i=12,..,s.

&
fj {¢@4)¢(2)”}50 (mod p)
&

HOtA

HE rankp(IS(A) =n-s, WILELAT LIS 3]

amkp[¢(A%

HAFE—DNBAUR & y (615

PRI TE e LA p 43 2]
$(4)(n—pr)=0 (mod p*).
BAVERAE Q L g(A4) RUEFKI, T ord ¢(A)=c0. ¥d 2 p(A4) M
FER T (1=1,2,....n). BFn=0 (mod p), Wit5 5 2.2 FM14FH p>|d,. Ik
4, BlAdimkerg(A4)=degp(x)=s, MaZEDH s MAZKE 71 p Bl il

18
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H T detp(A)=xdd,---d,, K p™" |detp(A4), Word (detp(A))>degs(x).

X AIE B 7 xS 5] L O
IEBA B 1.2: e 3.2 F125 X (1.7 &, RISEAUERH 7 e B 1.2. O
3.4 IRISKIG 5 R

FEIX — /N, JRATI 4 Y EAAASE UL ) S 6 B30 ke i B 1 5 SR AT B R0k, 45
— LB ok Ul B I E B 1.2 2 ] ) e R S ME— Y. X HL A R B
Mathematica FEAL™ 4. FEAEHTFEALGE R 1.1 AE L 1.2 #HATHER, ARREAET
FEBE R .

o, &)L R ERE 1. 2.

Bl3.1: S n=12, 4EE G KMEHEELTPR:

000011101010
00000T1T1T1T100 1
0001 11111110
001010001011
1011010071000
1110100107101

= 10000111 0 1]
011001100010
111110100101
001001101011
101100010100
010101101100

LTS

0(G)= gcd{z_M det W,A(G)}
—ged {~20514573, 424319456090918385320095315960579067904}
=3°,

W EREEL AT T, R L1 AEER XA T XA
JEAEFE) SNF 2
diag(1,1,1,1,1,1,2,2,2,2,2x3,2x3* x 759799 .
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T34k, FATE BIHEBR AR A A SR A A REHERR R 131 0(0) » 0€Q(0).
TR EEE 1.2, ATLNER R O, (Gox) MERR (x+1)". 15— 7 HFE A
det¢( )=det(A+1)=-3x5"Fldetg(A+J)=det(A+J+1)=-3"x23.
A (D, Bt ER 1.2 JiE G R LikiE—EI(DGS).

B 1 B T EER 1.2 BOACHERR SR AR AN A BAT I . BIRATIAN
Frank W =n—-180F p 2 d,(W) BB REBRBL T340 E R 1.2 P Lokt 24
ROREGf 28, NS H MR,

#13.2: 2 n=10, 4%EKG KA FR:

001 01 01 010
0011 111T1T1F®©O
1 100001011
01 0011O0T1T11
AZIIOlOOOOOO
01 0100O0T1TT1O0(
111 0000T1T1@O0
01 0101T1TO0T1F@®0
I 111011100
001 10O0O0O0O00©O

"B HJIEHFE SNF 41 7F
diag(1,1,1,1,1,2,2,2x3,2x3,2x3x7x19).

HJa —MAER TR FITH 71, BATZ S Stk %1k p =3, WRE
310(Q), 0eQ(G). IHHH @, (G;x)=(x+1) Mstp(d, (G ;x))=(x+1). A
deg sfp(®, (G;x))=1<3 =nullity, . [HhsGE5& XA B 2.

WHO(G)=3" H O, (Gx) (A MATTLERE RS (x+1), FEHEHE 1.2 i
det(A+1)=6, det(d+J+1)=12HILFH

min {ord, (det ¢ (4)),ord, (det ¢ (4+J))} =1 =deg ¢ (x).

Bk, e 1.2 B G =2 SGEME—(DGS).

BJa, BATE R 14— Sesgn paE R U E B 1.2 AT E B L, H
Bk 2% 1 M S 25 A1 sl R R A AU, ] Mathematica X n € {10,15,...,50} (T3
SED , MBI G (n, p), Hrh p=0.5BEHLE 10000 4~ F. #ilh0: Xj‘n 50,

20
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£ 10000 M EHH 3516 ANEIRI O(G) R 74 XL, A 2865 B 2 & H
L1 (5 fF,  Fad s HERR 5% 1 AN S0t 2% 40 7T A3 N 3] 3089 A, AT BE 1.2 7]
133 3199 ANMEIR T SGEME— /). N R 1 FiR:

F 1 EH LAER 1.2 i

n odd 1.1 1.1+EC+IC 1.2

10 3264 2915 3042 3094
15 3494 2875 3094 S22
20 3377 2730 2962 3098
25 3500 2838 3089 3195
30 3375 2704 2964 3095
35 3491 2764 3034 3195
40 3518 2878 3120 3427
45 3407 2772 3008 DL
50 3516 2865 3089 3199

Hrb odd #RAFEN O, EC RnHEBRSFAE, 1C RKonodt & 14F.
FEADLA AT D, B 7%
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F4E BPEERE XRHERBIME—R— 1 FIR0E
o

PRATIAR 7 3 T 2 R PR 7 1 A v i B SORMG ME— PR ). B
SE ] B G S PR N T SCRHEE—[FI(DGSS), 4 HACHER A G T SRR B
R EH 567 2RI

A EE AR I S T R [ D E 23637 38 i JAR B LA BT R ARVE R T
S5 R AR B AN Al R ).

FEP SR T XA e HE.

%ﬁmk%fmﬂﬁﬁﬁmﬁﬁ,IWHmWWﬂ%ﬁ¥ﬁE?%%ﬁ,
ok — A pt 2V detw (G7) B E B p M — AU, RATEAH
dimU, <degg, (x), Z4H dimU, =degg, (x) M2 T IR — 5% 4
(1)U U, #0 (mod p);
(i) U'P"U, #0 (mod p):
(iii) U7 P"¢,(S)T, £0 (mod p*).
M2 G & FRAE B3 B 2R T ORI HE— ) (RDGSS).
4.1 X525 IR KX HIERR

X5 EEERE T Qiul,  FRATR R HIAE 5 3E [F B AET S RE,
RIFLAHAT I HMRS R XA R R AT S B ) T 2

51 4.1 ke RuIEM BT ERE, HHEAERTERE A 5HT R
Al S AAFAE B IRFERE P, P, 1A B IESS A6 R 0 45 T 2URRAL.

Hob kb >12%8%5
UEBA: BT G° i H™ #5523 WE A &, @il 5138 2.8, Rin15 2] B #HAE P, P,
A B IEAZFERE O T 2 T F2:
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Q
2,
2
Q
£
I
2
Se

M ETHE — 7 R RAT AT LA 2
Q'PR'S(G°)RO=P'0"S(G")0OP,,
RAEES
QPZQTPTS(G”)PQPTQT: (G“)
EER G RN, HPOP™O" RAFIEAMEM, Mids# 2.8 b o ryME—,
FATENIE BOP Q" R L= ALHE M, Wtkfd R 0 RTQ =P
AR LmX—R, RATE:
0B (67) RO =(-1)' ' (1),
Hop k2 1IR3 R APIAFRIN AR OTRTO = BT 1531
O'R's*(G7)Q=(-1) " (H")P,
AN A 58 B TR . o
512 4.2 R X (S;x) eF, [ x| —FFES BIRHE 2 T H.
X(S;x)=4"¢7 ¢
S X0 (S5x) BRBRHE MR, S AR FRIERE. BV, = N (g7 (S))si =1,k FRAT]
CEIR
(IF =V,e),e &V,
(i) =AY, 2 S AR
(iii) S|, FARFEZ TN ¢ (x) s
(V) XHERSARMTEEU, EAEU=UNN)SUNY,)®---&(UNV,).
513 4.3 (EH 513 4.2 KIS, BB TR
(1) N (g7 (S)) 2 S A2k,
(il) WHERE S ABH T U, WRUNN (47 (S))IEZ, WAUNN(4(5))
(i)  — AN EFEWSAEFEEUKEQEERLEY b, H
dimU =r-degg (x) re{L,2,...,n} , FEHILA dimU > degg (x).
P i RAEARIE . 4 G & —DAE n DTS B A 2 detw (G7) e
HHAF T BB G ARZT EME—E (RDGSS) . B4, did5# 2.8,
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TEEREREQ HoO>1. %M 2 2.10, FAVFIE (275 2 p R LR RE
T, I HAERE TR S EERA p. FRAVHIE p* |detw . [F) 16 BSR4,
WO=0-0. BAIHcol(Q)Rom QEAMIKE, FRIFIZN], & & F 740,
Hecol(Q) R S MIAAT20, HAhT 6o R EdEmE, BA1H I ~REITE
S IS rp T SORMR S ME—, T LU BERE P, {573 PTS(G7)P=-S(G7) H
T EE R SRS 51 B 4.1 A PR RS B A SRR A 1 TR T
51 BE 42 f1 43 (i), BAVMIE —EHFECQ)NN, (¢4(S)) EE.
U =N, (W (G7))NN, (¢ (S)) Hcol(Q) = N, (W7 (G7)). AT 513 col (Q) NU, HE
%, THEX:
EX A1 SU=N, (W (G7))NN, (4 (S)) & Fr bl 5 19 75, oo
col(Q)ﬂUilF%:.
513 4.4: #dimU =degg, (x), A FHETFERAL:
U'U=0 (mod p);
U'P'U=0 (mod p);
U'P'¢(S)U=0 (mod pz).

EB: U #5E XA dimU =degg, (x) , i 5] B 4. 3(iii) , FATIH11E
U=col(Q)NN, (¢(5)). %mn eV, &=Py,. Bl
£4,(5)n=0 (mod p?).
HT U =col(Q), RATAILLE
n=0v+pp, E=PQu+ pa
Hebu, v, B, ac". FER ST =-5, 155
§T¢%(S)UZ(PQu+pa)T¢z(S)(Qv+p/3)

A ) A A . (4.1)
=u" (O"P4,(S)0)v+ pa’ 4, (S)Ov+pp'¢ (-5 )POu (mod p°)

M52 4.1 15 Q" P'S"Q R BEHGERE, Hrbm ZIEEAL KA
O"P 4, (S)0=10"P'¢,(S)0=0 (mod p).
XHAU=N,(¢(S)), WTLLESIG(S)Ov=0 (mod p), HikH
pa’$,(S)Ov=0 (mod p).
52, SEERAVEE POuc N, (4,(-S)), FEHIH
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pB"¢,(=S)POu=0 (mod p*).
WL EE AR @), BEATRIE &g, (S)n=0 (mod p?). EHT T IXANH

WU fE XU PARE RS EERE, @) H 724w
U'P'¢(S)U#0 (modp )E}ZL. St FU'U#0 (mod p), U'P'U #0 (mod p),
ARSI 4.1 153

En :(PQu+pa)T (PQv+pﬂ)E (mod p),
:(Qv+pﬂ) (Qv+pﬂ)s 0 (modp).
B 5E FEASHIE. o
SEH 4.1 EH: BIF 4.4 F143 (i) [ 4.1 PEAMRTETE, BIFE. o
4.2 LI 245

A NG MR UL E B 4. 2 I AT, AR AN TR S
7R ) I LA IR ) B 30 1) P R D SRS P — B 8 DX
Bl 4.1. ©n=06, %EKG” KRBT PR:

1 0 1
-1 -1 -1
0 -1 0
0 0 1
0 0 O
-1 0 O

0 O

$(G7)=

0
-1 0
1
1
1

S = O O O =

j#it Mathematica 5 H det W (G ) = 2° x 19 MIEA BRIKF, AT 22 T 50 50 fif
KA A(G75x) = (x+7) (x+12)° (6 +11). H—2HEEH:
Ny (W7 (G7)) =span {(4,6,13,14,0,1),(14,3,0,15,5,1)};
Nyo(8(G7)+121)=span{(4,6,13,14,0,1)};
Ny (8(G7)+71)=span{(14,3,0,15,5,1)}
Forp 1 e R,
Uy =N, (S(G7)+141 )N, (7 (G ))= span {(4,6,13,14,0,1 )}
U, =N, (S(G7)+ 71 )N, (77 (G7))= span {(14,3,0,15,5,1)}.
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i sE g B2 B e I, Al PR 2R

010000

1 00000

0000T10

P= HAE13 P'S(G7)P=-S(G°

000 0 0 1| BHERPSE) (67).

001000

000100
AT

U] =(4,6,13,14,0,1), U, =(14,3,0,15,5,1),
RE S A

dimU, = dimU, =deg(x+14)=deg(x+7)=1.
82 A] EASGIE

O/ P"(S(G7)+121)0, =2x19x29 0 (mod p’);

TP (S(G7)+71)T, =3x19#0 (mod p’).
TR E R EE XA B B 4.1 SRR, AR BB B E [ A
=

I~ SURHAE FRI(RDGSS).
AN BB AE A E 0 H T AR R A T

0 01 -1 0 -1
0 00 -1 -1 -1

10 0 1 0

S(HT):

1 1.0 0 0 1

0 1 1.0 0 0

1 10 -1 0 0

RHWAEH A G ) XRHAE. HAMER A B IEAR IENFERE T -

1 -8 8 14 0 6

8§ 7 12 2 0 -10

Q_1 812 7 =2 0 10

19/ 6 10 -10 11 0
0 0 0 19 0
14 2 2 -6 0 11

Kb 0's(G7)0=S(H"), Xat# G AFAE] SURFANEE HT, BI G A2 DGSS.
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FSE LiLFIRE

510 FERRXHE

AT FE RN AR TN RAT A, A SCHE ) B B T S5 e — 1 1R E 7
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I 1o B P AF I () 8 BRAN R

TH: WG eg HO(G) K. MEX 0(G) HE A EMEEE T p
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min {ordp (det¢(A)),ordp (det¢(A +J))} =deg¢ (x).

M2 G & DGS.
PRI E PR LA b, 453 X — D

ik W Geg HO(G)RAH. WA O(G) T —MEMTRET p Ml
O (Gx)hmg—NEKMNNg(x), #BE FRkL

gcd{(Dp(G;x),(D;,(G,x)} =1, over F,,

W4 G 7 DGS.

X S5 R ER PR EE Wangl! 2 HY 10 T LR T SCRE B E RO TR L
7B ) SCRER E B T .

T B IE A B A 2 B AR .

FHE: 4G RABAMEAE, 21 detw (67 RETHRT A, #
g —A p? |2V detw (G7) INZFE L p AU, , B4 dimU, <degd (x),
FLH dimU, = deg ¢, (x) I 2 FIAER— /N4 1
(1)U U, #0 (mod p);

(ii) U/ P'U, #£0 (mod p);
(iii) T P"¢,(S)U, #0 (mod p?).
M2 G PR AL H 388 IS SRR RS HE— 1.
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Bt X

B num R TR p T YmtE:
ordp[num_,prime_]:=
Module[ {n=num,p=prime,Res=0},
If[n==0,Return[Infinity]];
While[Mod[n,p]==0,Res++;n/=p;];
Return[Res];
I;
L 22 70 2 R ) G A«
MatrixPolynomial[mat ,poly ]:=
Module[ {M=mat,n,B,f=poly,L.i,Res},
L=CoefficientList[f,x];
n=Length[M];
Res=L[[1]]*IdentityMatrix[n];
For[i=2;B=IdentityMatrix[n],i<=Length[L],i++,
B=M.B;
Res=Res+L[[1]]*B;
I;
Return[Res];
I;
FEHE 1.1 FIE R 1.2 (BT
n=10;
T=1000;
Res=Table[0,{T}];
For[n=10,n<=50,n=n+5,
Oddtheta=0;
DGSbyThm1=0;
DGSbyThm1ECIC=0;
DGSbyThm2=0;
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J=Table[1,{n},{n}];
W=Table[1,{n},{n}];
For[s=1,s<=T,s++,
A=AdjacencyMatrix[RandomGraph[BernoulliGraphDistribution[n,1/2]]];
For[1=2,i<=n,i++,WI[[;;,1]]|=A.W[[;;,i-1]]];
dW=Det[W]/Power[2,Floor[n/2]];
If{]Mod[dW,2]==0,Continue[]];
Oddtheta++;
chi=CharacteristicPolynomial[ A x];
dis=Discriminant|[chi,x];
theta=Abs[GCD[dW,dis]];
If[ SquareFreeQ[theta], DGSbyThm1++;DGSbyThm1ECIC++;DGSbyT
hm2++;Continue[]];
L=FactorInteger[theta];
mL={};
For[i=1,i<=Length[L],i++,
HTL[[1,2]]>=2,mL=Join[mL,{L[[i,1]]}]];
I;
chj=CharacteristicPolynomial[A+J x];
S=Diagonal[ SmithDecomposition| W][[2]]];
For[i=1;flag=1,i<=Length[mL],i++,
p=mL[[i]];
IfIMod[S[[n-1]],p]==0&&Mod[S[[n]],p"2]==0,flag=0,
IfIMod[S[[n-1]],p]!=0,
z=NullSpace[ Transpose[ W],Modulus->p][[1]];
If]Mod[z.z,p]==0,flag=0],
phi=Polynomial GCDJ[chi,chj,Modulus->p];
F=FactorSquareFreeList[phi,Modulus->p];
sfp=Product[F[[t,1]],{t,1,Length[F]}];
degsfp=Length[CoefficientList[sfp,x]]-1;
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Ifldegsfp<n-MatrixRank[ W,Modulus->p],flag=0];

I;

I;

If] flag==0,Break][];];

I;

If[ flag==1,DGSbyThm1ECIC++];

For[i=1;Flag=1,i<=Length[mL],i++,

p=mL[[i]];

phi=PolynomialGCD[chi,chj,Modulus->p];

F=FactorList[phi,Modulus->p];

mF={};

For[j=2,j<=Length[F],j++,
IfTF[[,2]]>=2,mF=Join[mF, {F[[j,1]]}]];

I;

For[j=1,j<=Length[mF],j++,
m=Min[ordp[Det[MatrixPolynomial[A,mF[[j]]]].p],

ordp[Det[MatrixPolynomial[ A+J,mF[[j]]]1].p]];

Iflm>Length[CoefficientList[mF[[j]],x]]-1,Flag=0];
If[Flag==0,Break(];];
I;
If[Flag==0,Break(];];

I;

If[Flag==1,DGSbyThm2++];

I;

Print["Graph order n=",n,"\n","odd theta=",0ddtheta,"\n","DGS by the
odd squarefree criterion (Theorem 1)=",DGSbyThml,"\n","DGS by
Theorem 1 together with EC and IC=",DGSbyThm1ECIC,"\n","DGS by
the new criterion (Theorem 2)=",DGSbyThm2];

]
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