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STRESS SINGULARITY ANALYSIS AT PLATE NOTCHES
USING THE DIFFERENTIAL QUADRATURE METHOD
ABSTRACT

This investigation employs linear elastic fracture mechanics (LEFM)
principles to systematically examine singular stress fields near V-notch tips.
In the notch tip region, the stress field exhibits significant concentration,
mathematically manifested as stress singularity with asymptotic series
expansion. This singularity can be comprehensively characterized by
singularity indices and corresponding eigenangular functions. For the
characterization of this singular feature, this study establishes a
comprehensive description system based on singularity exponents and
characteristic angular functions. The methodology initiates with the
construction of mechanical equilibrium equations in the vicinity of the notch
tip through asymptotic expansion of displacement fields. Subsequently, these
governing equations are transformed into characteristic differential
equations governing the singularity exponents. Through the introduction of
variable substitution techniques, the original nonlinear characteristic
differential equations undergo linearization reconstruction. Finally, the
differential quadrature method is employed to convert the eigenvalue
problem of ordinary differential equations into a canonically formulated
generalized algebraic eigenvalue equation. The QR algorithm is integrated
into the DQM program to solve singularity indices. Compared with
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traditional methods, this approach demonstrates significant advantages in
computational accuracy, efficiency, and completeness. The paper consists of
four main parts:

(1) This study establishes a theoretical framework for the Differential
Quadrature Method (DQM), enabling the transformation of eigenvalue
problems in variable-coefficient differential equation systems into solutions
of canonical-form generalized algebraic equation systems. The triangular
decomposition method (QR method) from Gaussian elimination is employed
to approximate eigenvalues. A FORTRAN program based on DQM is
developed for solving high-order eigenvalue problems in structural
dynamics. Validation against existing literature demonstrates exceptional
accuracy and efficiency, confirming the method's effectiveness in solving
characteristic differential equations and providing a simple analytical tool
for subsequent notch stress singularity analysis.

(2) For singularity analysis of isotropic Reissner plate notches,
singularity indices under four boundary conditions are calculated for both
single-phase and bi-phase plates. Higher-order non-singular indices are also
obtained, filling research gaps in isotropic Reissner plate notches. For
bimaterial plates, the influence of elastic modulus ratios on singularity
indices 1s quantified, revealing that material stiffness differences
significantly alter singularity intensity. Complex geometric configurations
(e.g., half-plane plates, full-plane plates, and bonded conical joints) are
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investigated, elucidating oscillatory characteristics of singularity indices
under different boundary conditions and their correlation with interfacial
crack propagation. Numerical examples show that DQM results closely
match literature data with fewer discrete elements and higher efficiency
compared to traditional methods.

(3) Addressing stress singularity at functionally graded material (FGM)
mid-thick plate notches, material properties are assumed to follow power-
law distribution along the thickness direction. The composite trapezoidal
formula is employed for calculating definite integrals of elastic and shear
moduli. By introducing asymptotic displacement expansions into Reissner
plate equilibrium equations, the differential equations are discretized into
generalized algebraic eigenvalue equations. Results demonstrate that DQM
achieves excellent agreement with literature data for both single-phase and
bi-phase FGMs, maintaining equivalent accuracy with 50% fewer discrete
elements and 35% higher efficiency than traditional interpolation matrix
methods(IMMM) and FEM. For FGM/metal/ceramic hybrid plates, material
stiffness differences significantly influence singularity index distributions:
When notch angles <290°, hybrid plates show 15% reduction in first-order
singularity indices compared to single-material plates, while angles >300°
exhibit 12% increase. Under clamped boundaries, nonlinear oscillatory
behavior of singularity indices with angle variation reveals mechanisms
linking interfacial cracks and stress singularities.
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(4) For orthotropic composite plate notches, mathematical models of
single-phase and bi-phase orthotropic plates are established. Constitutive
relations and boundary conditions in cylindrical coordinates are derived,
transforming the problem into linear eigenvalue equations through
variational principles. DQM converts variable-coefficient differential
equations into generalized linear algebraic systems. Numerical examples
verify the method's precision in calculating singularity indices across various
material parameters and notch angles. This work systematically investigates,
for the first time, the influence of angular misalignment between orthotropic
material principal axes and Cartesian coordinates on stress singularity
indices. The computational results provide material configuration schemes
for reducing stress singularity intensity at plate notch tips, demonstrating

significant engineering application value.

KEY WORDS: Stress Singularity Index, V-notch, Isotropic Material,
Functionally Graded Material, Orthotropic Material, Diffential Quadrature
Method
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ST AR ER0 AN TT SRASE 5 BB AR RO RS B DR LR o DT T BB v 2 B 5 DU 2K
AT AIRZENE, WIHE, B REAEERE RS

A RZEDFAE NG BBUE RS, R OETHEZ4EZE % ZEdE
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B H AL B o T AR A ARBOT R, Horprrbl 22 20 s SRR Bl
SICRFPE(O(h2)) R 78 5 o R 28 258 B AR AR T 48 )2 N o AR 7 7 AU B ) R SR
it b I R U R, (EAFAE R R (1) S IR T M AL
A, 7RI B AN [F) Y ) B R R AR (2) B R B TR B 2 S A

A A Dy S0k BB SR, S 0 8 ARG R I R A
R . ZITIEMR A RILLE : (DARAYIE W IS ol B Re 1, T 25
KAAERE; Q)b G AR 77 AR FIE S E . (BAAER A SIS (1)
AR TR Z A R TR QWMESUSRME S EEUEE G RSK, ™HE
SN SR E M

N ROEAE N S RCBUE R R e g, AR BRI . ()RR AR E
Mm% (U1 Gauss-Lobatto 175D , AJSCIUFREUUNSURIE, MEH IR ZMIEREE
PRIt 30%-50%: (2)RIRIE LA A% J LA i) R, 3 o 4 R KRV A B R G A2 12
FLVHEEA o ABAFAEPIA A RPR (1) 2 28 B ] - S A g X
RMOOMATBUR R (QTELL B AR o 7 FE A 5 I IR G IR, TN
TAEMBUEATBIE,

A 50 2 A BOFE R 43 R B R HE SR IO | % i A o v, L BVE BT
VERBLE : 732 IR TRk B H AR R, BRI OV A LA FIX
[, T T B 4 R B V0 R BB AL SR L0, K ) 2 T A B 1 R S B SR g Al ) A
SOBE S, BERTIIERE GEXHRERRA 15%) o Z5E R 1T
FEEFMERIUE : (1) BORMAE W AUL AR IR )8 (2)RTh#h i 2 D) 1 i 2

FoMER R IRy, BRTE, MMM BN e HERE
IS, THEE IR B e
1971 4, Bellman fl CastilH&H 17 RAEDQM)EEA I, 75K
Gy 7 RERFAE AN M) I, R AR T AR o SR, BT A
AT E . A MRS SR AL R PR RN B SR AR S T R R B T
B3, I HAE LA 1 A% R SRAS I 4 7 R 10 ks BEBUE R, P DACAE SR 5)
ARG BN T 2 N, B R R AR AR ¥ B AR B AT 588 4R 3 1] 2
FZHS0s DQM iz FH 2451 7= MTH S i, 5[5 1R B DQM VAT 4
RSP T  dhodr, 2 7 SREBNE I m A e A it . R IR ()

Ay
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T A 4 SRR B I R AR R B T R B I8 B oy T AR, AT T =R [ 5t
ST T [ AR TR I T B S B A B AR A, T AR B R AR SR A Sl
FUIHE . M.Shariyat! SR FT B 38058 7 SRBRVE DR B 1 Th REAR B2 A RHIR ZE AR it
TEF FRBIFVETL, oW 7 &R LR, @si s S Hou fses . SR
RO S 77 (B (8] I RERE M . Maziyar®E = 4Es it HIGHESE )Y, FIFH DQM 44y
BT T T RERE FE e R AR AE F MU T IS #4774, Shen %58@d A IRtk
oy RANE 25 & (DQHFEM)4S & 2 M s B IR B 18 R G 0 i 1 2 1L A 880 18 o
RN YK IAE Kelvin-Voigt REsPEA T AT . Lei S TE1E 4%
J3 77318 5 Mori-Tanaka 200 /7% 7772, R T IR BEAH DG @ 14 Th R P 1E 3% iR
ARG T AL, 258 Navier ENTIEFIS REBUET I 1 ThRERA TR =
P IR TP )15 . Morteza 25701 T Gurtin-Murdoch 3R [ 34 14 BR 8 51&
IEBRERS, KA DQM VE43 T 1 IR A & o) MG oKAR S/ (R A 67 H% 3 JE S =Xy
T HLH] . Wang 2575 T Euler-Bernoulli ¥ 16, i/ DQM EWF5 1 L
A AR RS NI 15247 8. Vaghefil"2fE DQM 7 VL 24l 4T 1
QB 5 AR A, BT — P BE & &R B 00 8T 7 I = o R AR
(IDQM) , FERELTB R T-AE 2R 1t — 4 Burger's J7 AR o B4 SR A
T LAESEPRI R F R LR, BRI S AR SR, W ohrsE L
PRI, SRR TR 504, ) TREEORGIH. TS, Moy
RAE A BN — PN T BB 2 T

1.4 KXHRBFEEAR

A S I T 12y SR AR % (Differential Quadrature Method, DQM)¥ i ) BIf 58 A1l
RLH o AT SO o0 SREVE R T TREWT Ry 400, st 52 26 TRE g i pg
TV BIY) VR F7 33 S ST R R MER 7T, B A DL =AM

(1) 2 1a [EEA R D) 10 R 7 7 e

Bt & 1] R AR D) 1827 7 e P (] R, 40 ol g 3 AR 5 SRR A AR D) 11 43
Pree iy, B e T Reissner 5 B RS, K U 102 3 A8 35k (14 37 7% 3% 2% B d%
Williams #ikf@IF, 256 4RI HE 2L 5% AR 5 2 10 [ AR 1) 11487 7 F2 g 2 AR
UIIRR S Gy  B| DNE NCI R R A S 3G S i =P NNk S C
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12:(DQM) & B AL AL PR AE T A, 3 I 8575 k20 A7 % 3UH0 B SR K o0 3 7 ek
AREGEREE R, TR HERY T SURBURHE 7 241, B 3 9FK FORTRAN 15
27, KA QR HEHTREEIRE, SCIL AR/ RUHM BHA & T B & 5 1
BORSHR R . Be)a, VR T 0N & ) [ PEARCAS (5] H L CAR ) LART AL Y (4 1 ) 7
VEFREL, I TS [E) TR B0 B 7 A VAR BRI B2 AL

(2) ThREBE AR R BEAR D) 1 ) 5

AR I T Tl A FE A SR D) A S AT KRR B B S AUE SR AR R
BT AE ALK R =R AN G R G EE AL R ER, HESHOCT A RS
78 RECAIE o 7 RE A, @I 5N FUI AR - 2 5 A, BN S B RS
PERIAR T3 TSR B 3RAE K ) B2 SR 4 e A A oR 0 ) A 1 4R 20T
MERHER S T REH . fESLIERE b, SRS S0 B BEEAR, BARE S T
PRI WONRUE T SURBFAE T FE40 . 433 4 EWFR I FORTRAN 525 fif
HAH LT 5 2% AT R RE Dy BE A o TSR U0 10 A o A 82 7 B A A B e B A5
BAIE T %30 DQM THE XU ELD e B b B ) 11 i Ab 82 g 75 PEFR 2k 45 SR =2
AR, FEUHE T DhRe s S Al B/ Al 4 R IR A AR 1 V) 1 AR A

(3) IEAS & ) AR D) 1 B 7 A ek

#£F Mindlin-Reissner #1811 Hellinger-Reissner 287y 7 #, A SC#E . 1 IF
A2 ) SR D) 11 /4808 75 VR AE A AT b — N84, B Williams #7300 &
T RHG TEAE % 1) MR 1) 11/ 8020ty B I DX St (57 78 37 3208 R 0% T3 S 4
BORLL RS fr R B AT 2, B T BES R AN AE IE Reissner #2177 F8 . 1447
SEVEFRBOR MR AL N RHE 2 7 AR A IR R, Bl i SRR (DQMD e B
W, B H TR SR BEAREUE R, #5706 T R A PERRHA RS X
PRBURFAETTFE, AT SV 1 930 2 ) &5 e PEFE B S B SR A . AR SO
Fo T XA IEAZE % ) AR ) 0 RS A MR B S MR RS R T IR R, dE—20
BOAE T IEAZ 4 1 S MEARE 0 05 Rl MRV R AE o 1205 V08 T A% B ARTE SR R
FRT R ISR, HLSRBL T P THIRL ) 45 ST R ) B RS K IR AT R . [
SEREFEN, DQM VEM B EUR AR D, AR S T R A T BT m
SEIIR G375 T2 00 SRR TR R ORI s R
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B 2EF WMo KREKBEENMD FIEH AR

o SRAE(DQM) 2 Bellman Fl Casti T 1971 4EH2 H R AR, i T Puis
THENL AT BEER R GIRE 1 T RFFATN 2 k0. 27 i a5 2
T ST B ER NS, SR AR )T AL B 7 S8 B o T R R
REOTIEA, HAZORBRBE: (DB B R A B s, @ TERr
WRARRFE: QUFHARRBEE, FNEESMSEE R 3L
SRR 5, PE T s AL SR 22 3 . X S A LIRSS B 1. £
VER I R A 55 5T J 5 4 00 2 S o3 AT R TR DL AR 3 . AN B — B ALy
SRARVEAR e 10 7 77 T2 AL PR AR A A 1) R

2.1 W RIENER AN
R RN o T R 2 A TR AR T

33 0 (Y () -4 S 00 VP (X) = £.(0, i=12,1r, xe[ab]@-1)

k=1 j=0 k=1 j=0

LEIVED=Suli-E LGSR

r m-1 r m-1

Zzalkjyéj)(glkj)_ﬂ’zZﬂlkjylgj)(élkj):yl! =12t asglkij (2'2)

k=1 j=0 k=1 j=0
j\XE‘J g|kJ(X)7\Eé;‘Rﬁ@lz I‘ETJ [a,b]ii%iﬁg*ﬁ@ﬁ, /1 %*%?J—-E/fé? alki ’IBIki’élki

ct=Y mee MR L) H ST E, SRR T M

k=1

Y

2
&=

R 3
5y 7 B AL AL A

A AR [a,b] 400 0 B BORTT, ne LB O AL U,
Xo=a,X, = . BURRBUER L B TR SOERRR (038 ik B,

66Ky, (X) FE B 403 A R S HE AT 4046 B H (Lagrange )3 S ik, B
YO =3 L (0 () (2-3)

H(@2-3)H L () AR I H 2 0, HEAO8:
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L) =] [2=% (2-4)
k=0 Xj — X
k#j
R -)X Ry, (x) R—Fr 3%, 753
¥ () =2 Li ()% (%) (2-5)
j=0
¥ 2RQ2-5)7E n BLIX 7] [a,b] BB, Mifidt—2b 435
Vi (%) =2 Li(x )% (%)) (2-6)
j=0
¥ (2-6)5 A EAFE R, 15
WO [AS A AR (O 0x)
@) (@) @ ... (@) (0)
Vi :(xl) _ Aio /i:l ) A Vi :(xl) 2-7)
o) LA A A o)
Hep, AP BRREAA:
N N . .
H(Xi_xk)/H(Xj_Xk) ('7&])
k=0 k=0
AY =1 (x) =1 . (2-8)
_
%(;(Xi_xk) (=)
e B S AU R A 5 B e, B HE ] 1S
YOO | AT AT o AR (%)
(r) (r) ... (r) (0)
Yk :(Xl) _ A1:0 A1:1 . Aizn Yk :(Xl) (2-9)
ool Ly Az az o
Ag(r)) (5) (r)
. Al(r) Ai(r) Ai(r)
EHE, AD =0 T O R B
AEB) (g) (r)
Horbr, BURESERE AV & HH FECZ B FR RN
AT = ADAD = ADAD (1 21) (2-10)

BRQ-DHQ-HIMRAK(2-1), EHIFTRESRAEEER, 15:
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r

ielkj (X)Yk(j)(x) _/Izr:iQikj (X)Yk(j)(x) =0, 1=L12,--r (2-11)

k=L j=0 k=l j=0
Hrr,
G, =dig (gikj (%) Gig (%) Gig (Xn)) (2-12a)
Q,y =dig (qikj (X6)s g (%), G (Xn)) (2-12b)
Y200 = (V2 06, Y2 00), -, ¥ (%)) (2-12¢)

BRE-HUARQ-11), B3 F ISR

Z BikYk(O) - /12 B/likYk(O) =0 (2-13)
k=L k=1
Hr,
By =D G AV (2-14a)
j=0
Biik = Z Qikj AV (2-14b)
j=0

Z:Qﬁﬁﬁ(Z-Z)EP flkj 1E [a,b] N Ry B X;, (01, <n )J:o 4%ﬁ(2'9)4tA

K(@2-2)H 7, =0, WA R 5 AL AR ) i «

r m-1 r m-1
;;%{Am} Y(O) ﬂ;;ﬂuq[p\m] Y(O) 0 (2-15)

s, [AD ] OB AD 1 AT E . T4

W, = iaw [A“)JII (2-16a)
j=0

Wy =D fig [ A ], (2-16b)
=0

K 2-16ARNK(2-15), F 2] T HIAE=E:
Zwa,kv“’) szﬂ,kY“’)— (2-17)
R TR R FAF Q- 1ARNEZER TR (2-13), B AN 1, =017,
:n'?f: m’?%‘l"
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>, B, Y - ' B,Y.” =0 (2-18)
k=1 k=1

Hor, 4EKE B, . B, RMFEB, . B, I |,=0F1n 474 5wk ik 5 A3 F 4

,ﬁ:ﬁwa”( Al Wﬂ|k %T@Eﬁﬁﬁiﬁ@%ﬁ%ﬁlﬁo ﬁ/?\

C=[B,] , D=[B,] , Y=
r(n+1)xr(n+1) K Jr (n+1)xr (n+1)

R Q-18)B A I e, A2 T FIARE S
CY -ADY =0 (2-19)

Q-1 AT SCAREUT FE A R 0] RAL VAR FEYE N r(n+1) xr(n+1) (128
PR . X R QRIKSEHURFEAE A S A RRFE R &Y A [R50 b

2.2 BET R R RYIER

FER I SRARE I TH S AR s X 8] T A B PR A O £ 74 T L SRS (14
W, HWHARY, M RFAEDER, %7 S i AREOT R A
55 RO R BEAR G, SEOREE A IR T AR BOERE A BRE R . (EAER
R, A R PR AL BRI 3215 R BT 58 S B X M o 34 R R SIHIE
TR, R AR T R BN B B Ak T R SR R A AR Ik AT 4 SRR
HA W KX [a,b] Iy n B, REBISN RmAiER(2-21a)fF ki
B e 7 5 FAT St fel A A D05, (EAE SERRu 550 o 8 5 H LA R i msons JE A
AR . LT, T4 By FRP R 571 n e B e I L S OBk F ot
HVERE .

PADIEE S R 2 T R g LA 5 R0 & 20 3X(2-210) CIE SE REA R T
THERENE . FEIEIEAt Bt — 2D e th ook AL & L 5 e B S n5X(2-21c),
ZT RAEARFEVI LS AT 2 R AT B B O RIE, 5INAT T A S8
q LI S A BT, BB AL g MEUE, BEnT gk AT B E T R
FEREOLSS,  SCREARYE B TH 55 75 RO 19 8 BEHEAT B & N . XA S Bk iX
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THER AL g BTSRRI B M OB T 240, Dl SRR I AR b
FI3R B 1 58 R B I 4E L

§=a+iw;a), (i=0,1,2,-,n) (2-21a)
§=a+9%§a£m%9, (i=012,,n) (2-21b)
b-a - i n
- 1), -0,12,---,—
S a+2m%_D(q ), (i 5)
b-a j-n .. hn (2-21C)
§|:b_2(q%_1)(q —1), (|=§ §+12+2 )

2.3 WO SRBUARITEE 27

AT 05 SRS R 050 PR A8 LRI A7 AR P S
SR EASC IR IR TSR, AR A I SR 5 AR
MXREBTENE

W 4

L x

L
P 2-1 faj S gAY

W 2-1 fros, 1630 H HRShE T RN
d* y(X)

-By(x)=0,p"=

(2-22)

e,y BRMBEARS, © NRZEGWE, L, EIR m HHET
REERI AT . 25 R R R P S, DT  R4  +
y(0)=0,y"(0) =0, y(L) =0,y"(L) =0 (2-23)

SRR E(2-22)F1(2-23) AT 15[ AR B T fifk -

a%ZGﬂflﬁa?ii=L23y“) (2-24)
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F < [O,L] 40 Bt n=20, SIAIBHCH A 20T RIBSE B KL VIS K%

AR AN S LL s =07 2, SR B SRRV T B 20(2-22) F1(2-23 ) AT 45 i 52
ZERG 7 MY E AR AR 2-1 Frsl. B 2-1 PFEA R AT, O SRR SRR S
PRIE IR SRR E AW, E B T 2R SRAB S 2 5 FE RS A AR 1n 8 20 4K
i

2 2-1 By SRAR R T B 11 15 S B [ A 0% 5 R il At (X 0k e

R T 5 KALE(DQM)
o b K YIH T 2 H K]
1st 72 =9.8696 9.87155550 9.87155430 9.87155413
2nd 47 =39.4784 39.5096360 39.5096139 39.5096138
3rd 97° =88.8264 88.9842996 88.9841773 88.9841780
4th 167% =157.9137 158.405309 158.410508 158.409674
5th 2572 = 246.7401 247.774278 247.944851 247.919326
6th 367° = 355.3058 357.103421 357.803423 359.48681
7th 497% = 483.6106 488.225414 488.375515 489.365414

2.4 REBINL

AT I AR G I BUE S I P8 7R 1 SRAEAE 45 ) 3h 1 2 e b i =4
WL He, IR E N R 2 i AU SRR, AR RFFIREY £ 0 iR
SEVERIRIN, 3 51N R T IS 1 v ROR B 2 BT, H S B
FIA R B EIS . HK, Re BOBUR Bt e AL 515 2% B AT s aAL
HRBRE W W AT RS S R AL, XM R BRI ARIE T T S AR
MItfE 1k, AR TR E T SRR . OV E B, MR AR Tk
22 A AR BB 5, o SRR A6 A8 B O R A 2EAT B0 B{EER AT
BV AT SE A Bh, XA A A S R 2% 5 Bl A il 7 SR BT B AR — N5
B R AHTRY], %05 A RGN R A SR TS AR o3 T R R SR A A0
s, R AR FE I TSR I N R R S5 Bl S N A BRI TRl LR
WS TR S PR AR R U A TR

AN B I SRR FE A B A J5 2852 2 17— 25 ok Hos F 2R U O 8 7 33 1
FRECIA 73 T3 RERF AR SR A 70 B o FH 31 5491 oK ) B Ak 20 SRAR I SR AR ) 1
PRI T RER TP B, IR g A PE R AR B SRR T S S SO AT
LB, UEBNZIE A A ARE B P, AR L33 5 1 o M St 7 — A
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£ 3T FERMRVIONhEFFME

BET Reinner BRI, AT 5[] [FIVEAR U 1 93 RIS AL 7830 e T I
o AT S VE TR RS AR A R B E RS IR S 230, 8 S RS AR
PERITTRE, IR A VE A BOR A 52 A D0 H B R LA 1R 7 ISP Bl SRAR %
(DQM)FEA RIS, Rz B T R AE T AR A 9T SURBURHIE T TR 4 . B ¥
QR V2482 A\ DQM HH SHE Fr SEHURFAEAE B A1 T, JFSEBL DU SR10 A R4
B A T R B U AR D) 1 S A . g 73 PR R R AT SR A

3.1 Reissner g VZYION hEFRHE S

3.1.1 =HIHFE

/’,’ ' A
X '/
///I b ‘Q\“g
2 B N X
II' (
3-1 AR AR N AU AR Kl 3-2 iy GRS A

3-1 JE7R IS VIR U] DR AR S5 A7 T R 2R -AE XA AR R A 2 R (T LA A 2
ZH, B 32 MG HELRATHA¥XSED M. KPS Es&E

M, M, M} &G, Xt {ow, v, ) &3 B mss{Q, Q.
ToRE I TFERAE PR OE AR FTR, Reissner B LAY A1 385 - 7 7

M, ~M, oM, oM,
L L =0 3-1
r " or raH - (3-1a)
oM, M, 2M,, . 31b
00 or T Q=0 (3-16)
Q 1, X,
—+-1 Q. +—=|=0 3-1
or r[Q' 50 (3-1e)

BN T 560 R &
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M ——DF% V(1%+ﬁ)} (3-2a)
or r 06 r
Mgz—D[la’/"’ V’r+va‘”} (3-2b)
o r or
M, —-DIY(1o%: W, Vo (3-2¢)
2 \r 08 or r
Q C(aa—”—w,j (3-24)
10w
QeZC(Fﬁ_‘//a] (3-2¢)

FEARMSHAA R T, Reissner LR 1AL & SR S H T N 8ee R
fik: Yy MY o R AE P PR T R Al 1) S A 19 25 il il R Gk By R, @O Kok
WAL A MRRIESH G STSNIE D=En/[12(1-v*)], HHE

NP, v ONiARa L. JUTSEMUERE, G ARBIUINE, Brsivie
1E&RH =56, M TRIEBVIARILAN, HS5HENIE Gh SR BTV
RET

R RAG-2)RARIG-), [EA=A XA ERIR Reissner HHIHEA
JitEN:

D[azy/r Loy, y 1-v oy, +l+v1821/13 3-v 8%}

o’ r or r® 2r® 06° 2 rorod 2r® 06

(3-3a)

1+v1d, 3-voy, 1-vody, 1l-vioy, 10w, l-vy,
D " to2 + 2 T " t o T 2
2 rorod 2r° 06 2 or 2 ror r° oo 2 r

+c£18—“’—%j=o

r o6
(3-3b)
2 2
C a—?+la—w+%a Cg—(awr+ﬁ+1—a%j =0 (3-3c¢)
or ror r°oo or r r o6

eV BT ET ARy A b, ASORTIUR AR R I S5 A E o DUFh e
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I AR [ SR 3 5 2

(1) [ ST F %A

O(1,0)| 2.0, =%: (1:0)|526.0,=¥5 (1.0)| y-4.5,=0 (3-4a)
(2) H HIL T

My (1,0)| 02,6, =M (1,0)] .0, =Q (1. 0)] 5.5, =0 (3-4b)
(3) VA4 fa] STl Aok A

O(1,0)]-g.0,=V, (1,0)|56,.6,=M, (1. 0)| 5,5, =0 (3-4c¢)
(4) TR ) 330 F7 2 A«

O (1,0)]o-4.6,=M, (1,0)] 50,6, =M. (1,0)| 25,6, =0 (3-4d)

3.1.2 $FEiRR

BT Williams #73 FEJT BRI, K00 1 0 10 RLFE S 4 4 2 itk i ise
JESt

v = 2 AT (0.4), vy = 2 AT, ( kZ *a(0.4,) (3-5)

k=1 k=1
Ko AARKAEIREL 7, (0,45, (0,4 ) F1 (6, 4, ) R M1 FIAFAE #1 B8y

o N AR 28, AN (2-3)1F 2040 B 5T V) 1 & 1 48 20 il
73 77 R RFAEA 7]

1-v .» 3—-v ., . 1+v .. -
W, ———, —W, +A——, + A%, =0 (3-62)
2 2 2
- 3=V ., 1-v _ 1+v _ 21—V ~
+ - +A + A" —y,=0 3-6b
Vo +— Ve ~ Vot AV, > Vo (3-6b)
"+ ’®d=0 (3-6¢)

NI, 14 A 7, (0.4).7,(0.4)F10(0.4) S50 A0 Ty G F
@ . GINITFRI=AHAE:

gr = /u/;r (3-7a)
0, =4y, (3-7b)
g,=1& (3-7¢)
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R AR LR AR 1) R A 2R e . IXAE T R ZH.(3-6) FT LLELHT 5 0N :

1—V ~n 3—V - ~ 1+V ~ ! ~
—Vy, ———VY, Wy, +A—y, +A§, =0 (3-8a)
2 2 2
w 33—V ., 1-v _ 1+v .. 1-v
J, + - +A—y. +A——§, =0 3-8b
7 > Ve 5V >V > 9o (3-8b)
o&"+A0=0 (3-8¢c)

KL i3t FE T 2 (2-5) AN TL T2 K (2-4) 13-«
(1) [RISZ3A 5 %A

B -,0,=0 (3-9a)
v, 0=6,,6, 0 (3-9b)
7 ‘9:91,92 =0 (3-9¢)

(2) Al F %A

7y +, +AV,)| g6, =0 (3-9d)
W, =5+ A75)| 9.0, = O (3-9e)
@ |y_g.6,=0 (3-99)
(3) 1 AUl At
B -,0,=0 (3-9¢)
7 |96.6=0 (3-9h)
(Fy +W, +A17,)| g4, =0 (3-91)
(4) 11 B4 3030 oAt
@]0-4,0,=0 (3-9)
7y +, +AV,)|g4.6,=0 (3-9k)
W, =5+ 2175|900, =0 (3-91)

IXFE, Reissner MU 1T A5 M 48 2508 =K A 1n) @t 74 A0 e 0 A6 (3-9) T it
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FEARMZEAR R, DIRERH LA RE I S5 A AR B 4 B AH B, 1P ZEAH E,
NEEEFREL p FFRE . BRIETEE p P TR EIR R0 . WE R
tbNEEY =03

K 4-2 & VD) T RERS FEAR AR

4.2 YIOFFMHIRERE

3T Reissner TEMRIISHEL, WAL th =AML UL S HERALE
ARG 0« BLRAR I AT 1E A T H i 9 B2k BULE 0pz 100z V- THT A FA %% £
DEUN Uyo IZHRIKRT, AN AT RIS E: MR o
R T AR FHEE, N & U U, R BEAR AR 2 AR A, HHE
ik T ARAE N :
u,=zu U, =120, 0= (4-4)

FEARRR 2 T B LT T FE D :
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£, ou,/op
&, u,/p+au,/pod
g, dw/oz
=1 Ao - - (4-5)
Y 0o ou,/pof+au,/op—u,/p
Vo 0/ pof+adu, oz
Yo &u, /oz +0@/op
5 (4-4) 7 AN 4-5)70r] 15
ou
£,=1 p,gg—i p+£8u &, =0,
P P’ p

zou, _ou, z
=——=+7—"——U,, 4-6
Y po 5 06 op p 0 (4-6)

_Low o,y 192
7/92 ,089 9’7/pz P ap

TR AR A A

O, = E(gp +,u€0)/(1—y2),
o =E(g +ﬂ5p)/(1_ﬂ2), (4-7)
O-pH = E7p9/[2(1+/1)]

R A2 5y (4-6) AN (4-7) 30, TSR I P9 N 0 70 (R IB 2ON -

1- 4 % p’ T poo”
E(2) (E z ou, ou,

U +——2+uz—">), 4-8
-2 p " poo " ap) 9

ou ou
O, = E@)_ 24, +71—- —iue)
20+ pu) p 060 op

RSN W AR I A VIN H) o, o, 20900

=

00 —

ow
0, = G(Z)(Up +$),

15 (4-9)
O =B To )

Hr, 6 ABUIBE,

WARIEHE . BY 5 R Z (8K RN
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2(0,,,049,0,,)dz

—— |

M,,M,,M )=

N

| =

(Q..Q)= | (0,,.0,,)dz

Hrr, hoARJE.
0

(4-10a)

(4-10b)

(4-11a)

(4-11b)

(4-11c)

X B E,, Dy, G K& M5 R A B A RUIHEAT R . H5(4-8)3

(4-9): RN (4-10)50, BB EEFEY I RIEAN:

_ Ou _ U
M = 2_ﬂ+D2_ﬂ+_2%,
g op p p 00
_u E _ ou
M9: 2_,0+E% DZ_’
p p 00 2
— 1a0u
M 9:(;2(1_P %_u_e,
g p oo op p
= ow
Qp:GO( p+$)1
= 10w
ngGo(_%_" 0)

AT AINE, BRAGT0 JEN:

M, ,+M_, ,/p+(M, -M,)/p-Q, =0,

M, +M,,/p+2M ,/p-Q, =0,
Qp,ﬂ +QP/P+Q9,9/,0=0
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LA IRENT NI VR 2770 I NEOEA S 46t b SN I IF

=2

= Z 'A‘k/O;Lk U (4. 0),

k=1

=

=Z&“wwe) (4-14)

=z

Z& %@ (4, 0)

k=1

H(@-14)7 3T RGBT A o0, (A, )y Ap Uy (A, O Ap™ 0, (A, 0)

5 A Ap*l, Ap*d, #HIEE (4-12) AN @4-13)R (b5 AT 15

G,0" —(E, +G,), - Ezap +A(D, +G,)d, +/12‘2ap =0
E,U; +(E, +G,)0, - G,0, + A(D, + G,), + A°G,0, =0 (4-15)
A"+ =0
1 (4-11)7r 43
B, = uE .G, —1"HE (4-16)

Hr, i=012-
R, (4-15)30 AT HA40 A SRR D REAR FE R SRR V) O 23 PR 5 R4

(1—y)a;;/2—(3—y)ag/2—ap + A+ )0y 12+ 270, =0,
07+ (3— @), 1 2= (L= p2)0, 1 2+ AL+ )0, 24 A2 (L— )0, 12 =0, (4-17)

@"+A’d=0

4.3 WA IR E P EERYION DEFE o

T B b T BB B B A AR D) 1 S A AR BT
R 43 A, RUB RS BEBRIE R 11 0, R, R IR 05 RBR TR AL

Jio
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&l 4-3 DhEERR SO R R AR T 11
FEAZ T 6 = 0, (E S5 AT AR RN

@ _,@ @O _,,@ O _ (2
uy =ur’,uy’ =u,”, 0" = 0",

@ _n @ @ _ 2 00 _Nn®?
Mg" =M, 'MpH_MpH’ o T <o

XA EAROMORKRK M EHEQ FIATEHIR Q, . MRIFLFRTEE LA
T15 MR 5C RAAN B (4-18)3Un] LA 21 DA L6 A F IR

(4-18)

W _y®@ _
u,’—u;” =0,
u$’ —ul? =0,
o® —? =0,
EOLO , EOLO _E@,@ _E®@),©’ NOHO L @@ (4-19)
E,”u)’ +E;7uy” —E7u” —Ey7u,” —A(=D;’u’ +D;"u”) =0,

GOUY’ —GOUY ~GPUP" + PP — A(-GPUY +GPUP) =0,

GOw® —GP0? =0
BRI IR RIA R (0=6,0=6,) L1 J1EH H, WR1S H HiL %
N:

JO' L g® WG —
u;” +0;7 + 40 =0,
TO _g® 4 g0 =
u;’ —0,” +Ad;" =0,
"' =0,
’ (4-20)
§@ 4 g@ @5@ _
u;” +0° + 470" =0,

J@ _g@ 4 2q® —
a,” —0,” +A0,” =0,

@ =0

PV B2 1L TR0 = 6,710 = 0,) 99632, AT 32 0 A -
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a =0,
ay’ =0,
&"=0, (4-21)
0 =0,
s> =0,
@? =0

B0 2 134 510 = 6,510 = 0, T %, T4 S AR A

10 _

u,’ =0,

ST 16 WM _

Uy’ +0;" + A0 =0,

~(1) _

o’ =0,

~(2 (4-22)
a® =0,

7@ L g@ @@ —
u;” +07 +Au70” =0,
@?® =0

XA R T RE B R R AR U B Ay ke BORE AR e T RE T

@-u®)a®" 12— @3- u®)af" 120 + A+ u®)a§" 12+ 2700 =0,

05" +@=u®)a® 12— (1= )G 12+ A0+ ©®)a& 12+ 27 (1- uP)aP 12 =0,

o™ + 1260 = 0, (4-23)
(1= )P 12— (3= pP)a 12-0P + A0+ @)D" 12+ 2702 =0,

0" +@=u®)a® 12— A pP)aP 12+ 2@+ p®)aP" 12+ 271 p®)GP 12 =0,

@?" +220® =0

WU O E R AR T AR (4-23) b & A2 0, R — AN AR AR
e, LR i 2R HDEASER . BT

O _ @ §O _ 390 g0 _ 5 5@
g’ =A0",§4, =A0,",0, =A0",
pe / (4-24)

) _ 26@ §@ _ 2@ 5@ _ 3 4@
g, =A0,",§8,” =40,",4, " =A@

[0

FRE(4-23) S AR R L R A A 2 itk Ty AR 4
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(L-u®)a®" 12— 3= p™)a§”" 12-09 + 2@+ p)a" 12+ 2§ =0,
05" +@=pu®)aW 12— )P 12+ A0+ u®)a® 12+ A0 u®) G 12 =0,
& +2G% =0,

L—u®)a®" 12-@=p®)aP" 12-0P + A1+ u@)a" 12+ 2§P =0,

(4-25)

0" +@—u@)a?" 12— @- u?)aP 12+ 2@+ p@)a?" 12+ 21— 1®) G 12 =0,

" +26% =0

M, OB R Ty R FE AR D) 1 4 20 e A R #E 10 97 46 0 0(4-20) X (4-
21). R@E-22)FBEZ KA (4-19) T, SRIBRHET S 77 FE4H.(4-24) (4-25) 1) i) L
PR A3 SRAE T DASK AR 4 XOR R} T Rt FEAR 1) 1 1) &3 PEFE 4 A

4.4 W5 RFUVERIM A
XH, 2 DQM THE XM R DI RERE BEAR U1 M. A3 vEde S, 1B 4-3 A
PEHE Q. Q, 73 FIXTNIX A 6, <0<6,f10,<0<6,, HLEHHTHREIN N,
BB RSB N NH+LEDS,(0< J<N), Hi & =0, & =1, BEHUY S 0AmT7
AR DRI MR, B
£, :ﬁ., (j=0,12,--- ,N) (4-26)

MR 131 DQM BEIAT 21 1) 2% T XU RF S REBE BEAR VI 1 N A AR A
FRHEAE A — HAREO AL

CY-ADY =0 (4-27)
7N qj
M
| I
| I
1 |
|
! I
I |
Cc= Do
Hi1 Hi2 G11 Gig
H21 H22 G22 . G7
H 33
3 H H Gag Ga01
44 Hgs Gss Gso
Hs4 Hsg | Ges
Hee |

T
Y:|:g‘()1) ggl-) gg-) gE)Z) ggz) gg) GE)]-) 0(61) 6)(1) DS)Z) ng) 6)(2):|

BN (N +2) x (N +1) Br A s, He,
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1_,U(1) /«l(l) -3 _1_Iu(1)
HllzwAng)_l’ Hy, = 20 Agjl)’ Gn:_I’Glsz—Ai(jl)'
21 21 21
4O A® 1_,0 ™ _ 1_ O
H21=3—/“l i(jl)'H22=i—1 H _|'G22=(ﬂ 1)‘|szv= 1-p AD,
20, 6, 2 2 20,,
AP
H 2 G, =1,
33 9221 33
1 /J(Z) /J(Z) -3 1 /J(Z)
H,, = 202 Ai(jZ) -1, Hy = 5 Ai(jl)' Gu=-1.Gy gjl)’
32 32 32
H 2342 H AP 1-4® o w0
54 — 29 ij ! 55 T ’ 55 y
32 932 2
(2)
_1-4? H Aj G I
50 20, ij 66 9322 1 Des

Rt (6,=6,-6, 0,=6,-06,). F)5FIl %M (4-20)-7(4-22) 0

BT R FAMRE- 19 ZABRIEA B G2 EITERIT, REULEA
A, ZHH FORTRAN E S %E [ AR DQMEI H+ DQM 45, 1ZF2Fn]
— R B AL UM R T e B A B AR V) B IR AR R A o

45 HEEHISH

451 TUHHRITDAEREEE R AR O KL N2 M 53 4R

40,5 Q, FFEHEEE M5, AKX I [0 81 [0° a] (2a=y) L5tk
HTE MU N=12 65 S DQM V42 10 5 ph- 2 Ehi 4 P T 0 L 7
HEHOLF 4-1 91, M 4-1 TR, DT RO R A
WE T AR S S XU IR 6 P TR 1) 1129 2 MR S AT 2
F 4-1 XU E EHI SR AT R ) 1 S ) B e
Aq Ay As

©) KILTTVE SRl KILTTvE: SRl VNS RN SCHRe]
360 0.499996  0.500000  0.499996  0.500000 0.499999  0.500000

330 0.501438 0.501453 0.545454 0.545454 0.598155 0.598191
300 0.512722 0.512221 0.599999 0.600000 0.730264 0.730900
270 0.544465 0.544484 0.666666 0.666666 0.908261 0.908529

250 0.586284 0.586279 0.719999 0.720000 1.000001 1.000000
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R 4-1(80) XU A Hhid 7260 D) R A PR £

y / (o) /11 A 2 A 3
AT LR ATk SCHRES) AT SCHRE
240 0.615787 0.615731 0.7499999 0.750000 / /
210 0.751991 0.751974 0.857142 0.857142 / /
200 0.818636 0.818696 0.899999 0.900000 / /
190 0.900098 0.900044 0.947368 0.947368 / /
180 / / / / / /

FE3EHFEFF DQMET 1, 38 i /N B8 R e BOR S BB TR AR N X kS
FEMZNT, BAE DQM VAR SE . B R B p=10.01, St RIS

73 E R R TN =6.8.10.12, 5K 41 M 240° AZ4LZE 360° , IilfEH
H- B A6 RSC-RSGUFFAT T, MRS VA T S L Dh e 1
AR ID) D N A7 PR R A, A RIS R 4-4 Pl

MEFRRTEIOIEE R, XU E B F 24T, HE BTN =681, 115
{H5 SR E 2 TR R ZE R e XU ST 264, B HUR T EN N =61 %
K, HIURHEILR . BEE X E ekl BN, DQM ki 54h R sk
AR, B HCR TN =128, ARBTG5 SCERUO R ) T A
Br—%. XRY, BEERIuN WA FRBUEX T ER A E B .

062 &

0.60 |-

0.58

0.56 |

Re(4))

0.54 |-

0.52

0.50 |-

Re(4,)

0.48 L
2

40

1 I
260 280

I I
300 320

!

()X A il 251

!
340

1
360

42

0.70

0.68

0.66 -
0.64
0.62 |-
0.60 |
0.58 |
0.56 |
0.54 |
0.52 |
0.50 |

048 |r
240

—a— ref.[46]
—o— N=6
—&— N=8
—e— N=10
—a— N=12

.

L
260

L 1 1 1
300 320 340 360

v/

L
280

(b)XUA Je 5 30 57 2% AF
Kl 4-4 RFETZFAFAET, DI/ E AR A, 5 B BUR TN (R AR

N TAETHAGLE, AETHE AR T RERR B i JRAR 1 D) 1 N 0 73 45 20
K DQM & i 545 R 5 SOOI i B A AU 5 TR 420 FTLLEH,
DQM VA MITHSEAE B e, FF HAHNS FHfAE L, OO SRR X I 28 fi e o i
SR, BRI E SR .
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R A2 45 A FIL TR AATAUAS TR B I e NI AU 1R g 3 145 4

, A A A
L7 N=12 N=40"1 N=12 N=40"" N=12 N =40"I
XU E 0.512722  0.512722  0.599999  0.599999  0.730264  0.730264
R 32 0.555367  0.555367  0.599999  0.599999  0.652638  0.652638
XU ] 2 0.400000  0.400000  0.600000  0.600000  0.800000  0.800000
* 4-3 FGM R KL E 1
PR R Ti Al SiC ALO;
¥ [CH & E(GPa) 110 70 290 380
TARA L u 0.3 0.3 0.3 0.3
K 4-4 XU R Dy RERE EEARAE XU H i F 4648 ) O R 2 1 ek
y /(o) /11 ﬂ’ 2 ﬂ‘ 3
XA K} FA O] XA KL FAL 0] XU K} FAL 0]
360 0.499980 0.500000 0.499980 0.500000 0.499999 0.500000
330 0.507192 0.501453 0.545454 0.545454 0.592299 0.598191
300 0.515571 0.512221 0.599999 0.600000 0.726888 0.730900
270 0.546979 0.544484 0.666666 0.666666 0.903624 0.908529
250 0.588040 0.586279 0.719999 0.720000 1.000000 1.000000
240 0.616945 0.615731 0.749999 0.750000 0.999900 /
210 0.750629 0.751974 0.857142 0.857142 0.999972 /
200 0.815914 0.818696 0.899999 0.900000 0.999972 /
190 0.895010 0.900044 0.947368 0.947368 / /
180 0.992171 / 0.999804 / / /
K 4-5 XUPRL DI e FE AL XU & S AR 8] 32320 5264 B0 0 R2 7 B PEFR 4L
, A A, A,
A O 5 e e
360 0.499999  0.499999  0.499999  0.499999  0.499999 0.499999
330 0.538790  0.523515  0.545454  0.545454  0.554112 0.569327
300 0.560687  0.555368  0.599999  0.600000  0.647693 0.652638
270 0.606790  0.604045  0.666666  0.666666  0.742978 0.744462
Je s -Je L 240 0.680941  0.681239  0.749999  0.750000  0.838111 0.834887
210 0.795638  0.803999  0.857142  0.857142  0.931255 0.917938
200 0.844277  0.859324  0.899999  0.900000  0.965408 0.944752
190 0.896430  0.924049  0.947368  0.947368 / 0.971899
180 0.947900 / / / / /
360 0.499999  0.500000  0.500000  0.500000  0.500007 0.500000
330 0.456182  0.454545  0.545454  0.545454  0.635669 0.636368
300 0.405273  0.400000  0.599999  0.600000  0.798681 0.800000
270 0.295285  0.333333  0.371629  0.333333  0.666666 0.666666
fai sz -fai ¢ 240 0.243594  0.250000  0.506631  0.500000  0.749999 0.750000
210 0.140400  0.142857  0.716795  0.714286  0.857142 0.857142
200 0.098415  0.099999  0.801697  0.800000  0.899999 0.900000
190 0.051848  0.052633  0.895510  0.894737  0.947368 0.947369
180 0.999993 / 0.999999 / / /

X T XPRE T REBE LR BT 7E . 5 R 1 LA P A S 2R 11 Ty RE AR FE A K«
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Ti/ ALO, AT AI/SIC . FGM R HIAEHE ISR 4-3 Fron. BRI R4 p=10.0,,
BWEANFRILTFME, My N 180°4 L 360°, WANX A [-a,0°] F1[0° «f
(20 =y ) L B HUHR G SO N=12 I}, B DQM Tt ¥ DL XU L 2h REA 1 o

JERR D) AN A TR AR 4-4. 4-5 P, @it 5O, A0 B i 52
NI XURTRE D BE B L B ARCD) 1N B PR AR B et i BT RH 5 > 2500

I A AEAE = A VESR BN p > 200° I UAFAE =33 PR FiE B HLAE y =180° I A7 4E
PN A R FE R AR SR ST 56 A IS, 7E y =190° Ab R AR AE A A 4R L

HAE y =180° SAFAE— A PEFE G (EXUMI I SCA 2% 4F R, 1 y =180° 474E
WA B R
452 MEEBESAER/ ARERSPERN AT

(a) Sh R FE S5 2 R £ 4R (b) SR BERE 15 40 i HE R 2
B 4-5 D BERE LR R B BERR ) 11

BRI AZ S — M DI RERR FEATRL R R AR I, 3 EA 110Gpa; P
B BN ALO, , Bk E N 380Gpa), 5 — M 4l 4 @ (Ti sk 46 B & A R
(ALO,). M EHNARALL A 1 = 1, =0.3; WIIR ML FH M S5 5K My N 180°
BHE 3607 o BANXIA [-a0°) FI[0° a(2a =y ) B HURICEEN N=12 i,
H DQM iH5E45 R 4-6 Frox, RFLLTEER: (1) y MAEAE 180°~290°1F,
D ReRh P 15 2l 45 i/ 20 e B TR G B — B B2 7 M FE 80 A4, A LG T SRR D AR 6 2
W TR, HIRERERE SAi R IR S T BEMIRE TR, 7E y MAEETE 300°~360°
I, DREARE L5 ol 4 /Al P B TR A AR — B IS ) A R A A, A P T AR Th e

44



S W YN R VAT

BhEMR 2 BTE, HIDRess S 2l B IR S i BT RIIRE B K. QFEE y MIEH
WK, THRERSIE 5 gl fm /2l B iR AR 0 —Fh B A Atk se s 4, —BEAE LT H
THRERS L 5 2l R iR S AR _ETH IR R, E 2y =300° i@ TAasE, thjaTh
REAR 5 2l Jm/ 2L KR R IR S AR A, 5 SRR RL Sh ERR FEBOF TE M 5. 3R Zh
REAE 2 5 4l Jm/ AL B R S A 2 TR =B BT AR SR A, WORME EDE AR -

simply simply

r L
=
/‘
p \
> o
-\|
N
/ ‘L\‘-‘
N =~
3
A
TN @

— refi*l

3k
Re(4)

— refl*]
pure ceramic pure ceramic

: | |~ ¢ - pure metal 03 F = ¢ - pure metal
L ) I I I

00 220 240 260 280 300 320 340 360

. L L
180 200 220 240 260 280 300 320 340 360
71 ¥ (®)

&1 4-6 TG HERE 540 4 /4 M TR A TE (7T S -TT S AR 1 R B0 11 B3 3 e 8

MBI FRHR IS LA, 4 DQM VLS5 AN 4-7 Fis. AL
AR N =S8 ()2 y AELE 180°~240°H), ThHAELHEE 544 8 /4%
TRAM A — B R ) B AR H A A LG T SR D R BR B b 2> T R, HIRediE S
AP IR AR T FERITREE K. XY y A FEAE 240°~330°0), DIREREE 544 E/40
Vi VR B — B N 3 A P He B A, AR EL T B AR T RERE FE AR 2> T, ELZh AR
FE 5 Al R AR B RIE RE T R AR ERNZ, Hid 330° B, MRS
SR — (2)2Y4 y A 180°~260°1F, IHEERSE 54l & @ /aiie %
TRABR I = R & MR B A, A LT SR ThRe B BE AR 2> L7, HIhmed s
AP EIR AR LR K. 2y M FETE 260°~330°0F, ThEEHEE 5404 8/ 4l
P 5 VB R 1) = A B g A e A R A, A LG T BT R T BE RS AR 2> T B, HLIhREH
JE 5 AP SR AT R R, I HE 3307 B, PB4 o 3
SOMA— 3. (3K FH IIRERR B 5 4l 4 i /4l B TR A R AN 2 U B A MR 4
Ay s KRR ETEAIR .
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— reft*l
° pure ceramic pure ceramic
L] 0.5
[~ ©- - pure metal ! — ¢ - pure metal
! 1 1

L L - L L - 1 1 1 1L 1 1 1 1 1
200 220 240 260 280 300 320 340 360 200 220 240 260 280 300 320 340 360
y i) ¥ %)

V&) 47 THAGESE 50 4 0 2 TR A e 3-8 32 4 Y 17 2 M4 3
4.6 KE/NE

BT 25 IR B e SOUURH AR T BE A9 v JEEAR 1) 11 2 i T (X352 3% 377 F) 4
BEFETT, 2 TR SO R ThRERS L AR U 1 ) w5 PEFR B0 — MR E T
BTk, I BT iR PAS 1 XU R D RERR R R R AR U 1 7 3 1 i e
AFERAFEEAE T, BEVIH S A DAL A IR RE S ThRERR BERRR & AL A . A
LR LU S

(1) AT SEHLXUH ZhRERE L o JE AR 544 U 1 22 B 2 e Ak 6 K0 R 20 R 0K i
HATSE 5B FEAAN EL B AT R SRS B, e SR, R 1 SRAEXUAR
ThRERE L EAR D) 1 B A PSR EON . DQM ke — Mo s HAERA 17 %

(2) A THMEFEREE, DQM X K X I B i foc il M52, iHE
RGP

(3) st TAEASFRID) I S fig UL AN AT LS D RERR AR I, DI N J) 53
VESR B A AL, T 545 R AESR (/N Dh RERR L 5 2l < s/ 20 B IR A AR )
IS 73 PR L A A4 e TG B T 5%

(4) WFLAWT FURIF HOBUE AR, EXURIAT R 1/ S X S4Bl i ST A R T/
AF IO G RO, ATSEELY) I b A N A Kt NN, e BRI Y
RO ) I ATHFAE . PPN & U0 D S5 R ) 22 e MRS R, ARG 0 T
FER FAE -
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EHE EXERFEMVIONDEFRME

T Mindlin-Reissner # ¥ 1 11 Hellinger-Reissner 2873 JFEH, AZET T IE
A8 ) S AR D) 11 /4 S0 375 S VR AE A3 A b — N84, B Williams #7300 &
T H RS TEAE % 1) MR V) 11 /28020 Bt I DX S (67§83 3208 R 0% T3 e 4
BN M B A A, B TR NEIE Reissner 42| 772, 444
SRR HOR MR A N RFE Ry TR R R, PRI SR A (DQMD A 2
W, B TR SR EEREOE R, @SR TR IR E A bR e X
REUFFAE TR, WIS I Y] 140 B ) 5 57 14 H8 A RS SR A«

5.1 BHREXZEFMERVIOFFEREREYL

] 5.1 45t V IR DB ARSI R AR HE (0,0, 2] %, y, 2) SR FR IR 1L
TR R R, AR A5 oo M x—y M PR A, L% 51

MRELERIR 1, 2, 3 MHRIRARR R HIR A6, -

y ry
z-plane(3)

B 5-1 B IE A 25 Wl AR U 1 Ak b 2R s
TEHRI/RAKR R H, Reissner B E G BAT — AN 3L GHRRF- T AR AR K &
e, =S o (5-1)

Xyz xyz™~ xyz

S . M BHE T R R AR 2R T ISR R FE, Bl
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Y10 0 0 s, S

(5-2)

S; (i, =1,6) =8 KR A AR & N A RFIK B VE SR R B AR B AR A by &R

(p,0,z) NN IR AR 5 -RIRALKR & (x = pcos @,y = psing, z) T 1IN TR

AZHARRACAR K RN«

(5-3a)

(5-3b)

HU(S-DM(S-3)7T 15, TERFEAFR R (p,0,2) T IIRAZFIR J10 RN

gpgz = T UpHZ

He, T=T7'S_T

xyz'o

c s 00 O sc
s ¢ 00 0 -sc
a0 0 100 o0
‘ 0 0 0c -s O
0 0 0 s ¢
|-2sc 2sc 0 0 O c*-s
¢ s> 0 0 0 -2sc |
s> ¢ 0 0 0 2sc
T 0O 0 1 0 O 0
10 0 0 ¢ s 0
0 0 0 -s ¢ 0
sc -sc 0 0 0 c’-s?
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_T11 T, T, 0 O T16_
T, Tp T 000 Ty
T = Ta T Tg 0 0 Ty (5-7)
o o oT, T, O
o 0 0 T, T, O
(T T T 0 0 Ty
Bk, 2(5-4)0T B2 -
e, | [Ty T, Ty 0 0 Tol[o,]
&y T, Ty Ty 0 0 Tyl o
&, _ T Ty Ty 0 0 Tyl o (5-8)
‘992 0 0 0 T44 T45 O O-Hz
€, 0 0 0 Tg Tz 0o,
€0 | | Te T Ta 0 0 Ty | O o |

Hr, T3, §=16) AAEARER R oS R BOERE, FHEERMT, s 5RT
(0-6,) B = R B AN

T,, =c's,, +2¢%s%s, +25C’s,, +57s,, +25°CS,, +5°C°Sg, (5-9a)

T, =s°c?s,, +(s* +¢)s, + (s°c —sc®)s,, +5°C’s,, + (s¢® —°C)s,, —s°C’sy,  (5-9b)

T, =C’S;; +5°S,, +SCS,, (5-9¢)

Ty =—25C°s,, +(2s¢° - 25 )s,, +(c* —3s7C? )5,

(5-9d)

+25°Cs,, +(3°C” —5") 5,5 + (% — 5% ) sCsgg
T,, =s's,, +2c’s®s, —2s°cs,, +C"s,, —25C’s,, +5°C°Sg, (5-9¢)
T,5 = %S5 +C’S,; — SCS4 (5-91)

Ty =—25%s;, +(25°c—25¢° )5, +(3s°C” =55,

3 4 2.2 2 2 (5-9)

+25C%s,, +(C* —35°C7 ) 5,6 —(C” —57 ) sCsgg
Ty =55 (5-h)
Ty = —25CS;, +25CS,5 +(C* =57 ) 5y (5-9i)
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T,, =C%s,, —2CSS, +5°S,, (5-9j)
Tys =SS, +(C° =57 )55 — SCS (5-9Kk)
T, = S°S,, +2CSS,; +C’S,; (5-91)

T, = 4s’c’s,, —8s°C’s,, —4sc(c2 —~ sz)s16 +4s°c®s,,
2 (5'9m)
+45C(C? —57) 5y, +(C7 =57 ) 555
Kl 5-2 JeAE LA ARAR AT BT AR B R — A VDI R L s S, 7
FLIR AT AR AR R AR — MR N ST R
B, TR {o,u,,u}, B {M M, MY, 5117 {Q,,Q,3 -
TGRS S U AE

o,=-0,0,, =0, =0,0n z=h/2
(5-10)
0,=0,0,, =0, =0,0n z=-h/2

Horp, g ACRAEF AR 3% 7 73 A B AT (N/m?), - h R R 2 24

BT Reissner H1EAEABHESL, KBTS XA J1 70 B IAE 2 LA 4K
Tk

12z 12z 12z

MQ,O' :h—M (5-118.)

P T V%0 T

3 47° 3 47° 3 (,z 82° 2
- 201-22 10,0, =2 |1-22 |Q, 0, =-2q| 22-22 42| (5-11b
O 2h( h? jQﬂZ o0 2h£ h? }QH ¢ 4q( h 3h 3} (>-11b)

RAERR AR 2R T RIRAS L W 796 Z 3 (5-8) i A AR g R B A 3
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B(O'ij):%(gpap+geag+gzoz +E4,09, +€,,0,, € )
1
== 5 [Tlla +T220€ +T660 + 2(T120'po"9 +T50,0,5 +T. 60'190/36) (5-12)

+2 (Tl3a L+ 1550, + 150 pe)az +(T44092Z +2T,50,0,, +T55022)+T33022 ]
G- 1) AR(S-12), I N (P k=5/6)

fv B(oy)dV = J { [T M2 +T,M2 +TM 2, +2(T,M M, +T,M M, +T, MM )

h? 1 13h
_q? (T13M P +T23M 0 +T36M PO )} + %(TMQ; + 2T45szQez +T55Q§z ) +T33 7_0 C|2 } pd pd 0

(5-13)

KRS, WK, HAFE B F=0), WA :
I, (o, +F)uadv = I, o udVv
=J‘ [[Gaeri@agp 80'Zp+ap—0'9ju +[60p0+1606+6020+280
P

++ yu,
op p 06 oz P op p 068 oz

0
+ 6"2+£80-92++ao-2+6"Z w |dV
op p 00 0z yo,

oM, oM
_J’ 1232 12323 p0_1232Q2+122 l(M M )
h® o9p hp 00 h ™ hnp

oM
12:M,, 12210M, 122, 1222,
h> dp h> p 060 h h> p ”
0
MR — sz+il — 18Q92+ 39 6q: +—1422 lQZWdV
2h h op 2h h p 00 2h h 2h h

(5-14)
fR4E Mindlin-Reissner Bit, PN U, u, BEE LR, whEEE
TR

u,=2z0,,u, =20, W=W (5-15)

Horr, 0 fa, AL HTEE T i EA BRI R A, Hda, &
pz HNIEE S, LA o Bl 70 2 B 7 7o 0E, O, 9 07 FIIN IS, DA G
JiTA 1A 2 AT TR DN IE, WORHREEE . R IR(5- 15N I(5-14) 2 — & 51 K
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F15:
oM M —-M
I (o-I +F)udV J- p+£ pg—QZ+— a,+
i, ap p 80 P
oM 2M 5 (-10)
"9+18M‘9+ 2 _Q,, |0,+ Qi 1—6Q‘92 —Q W | pd pd@
o p oo p op p o0 p

XES, AR, HRYE Hellinger-Reissner 22 73 R B FEA R HOE L, IF
EREFIW AT S, WA, B G-13)5RG-16M i -z, FxF AR
HE— RIIHET 15

6 ol, h?
O, = Lm {—(ZTMMP +2T,M, +2T16Mp9)——”—€qT13}5Mp

h? op
6 1o0, 0, h?
+ F(2T22M9+2T12MP+ZT26MP )—;%—;”——qTH}SM
6 100, o0, d, h?
+_F(2T66Mp€+2TleMp+2T26M9)—;a—5—a—;+;9—qu%}éMpg
! oW
+ 2kh(2T45sz+2T55sz) —%}5%
! g _Low
+ 2kh <2T44Qaz+2T45sz) _;%}éQaz
oM M, M —-M
o D 2w MpmWo_g , |60
op p 00 P ")’
oM 2M
o Do (LM, 2 _Q,, |04,
op p 00 P
d -
o e 109, +1qQ,—qlow! pdpde (5-17)
op p o0 p

é\5Mp15M9!é‘Mpg;é‘Uplé‘ag;é‘WXijE/‘]/%i ﬁj\%uy\j 07 ﬂu?%‘£UﬁuTﬁ$%éﬂz

oM M, M —M
P +£ po L o 0 -Q,, =0 (5-18a)
op p 00 p

M, 1M, 2M

P _Q =0 5-18b
o a0 P Q.. ( )

anZ += 1 aQHZ

+=Q,-q=0 5-18
o 5 o0 prz q (5-18c)
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%(TMMP+T12M9+T16Mp6)—%—h—52q-r13=0 (5-18d)

%(T22M9+T12Mp+T26Mp9)—%%—%—h€2q-rzs=O (3-18¢)

L2 M, s T 1T, )= 2 e o O I p s )
h g g pod dp p 5

%(T%ng +T5Q,, )1, - % =0 (5-18g)

k_lh (TuQur +TuQ,) UQ_Z_“;LO (5-18h)

H1 2 (5-18d)(5-18e)(5-18DfF i M« M,v M, , ‘B AT R & XX B 4

q=0), FHRHEBRIEMEX:

Gﬁp
op
Ty Ty T Mp h3 0 1ad
T12 Tzz 26 Ma =1A L+ (5-19)
T. T mo| 2 PP
6 ' les 00 %_U_a_'_ia&
(op p p 00
HZ0(5-19) I 15
- aa,
op
M H H H
p Rl 12 16 u~p 1 40,
Ma A H12 sz Hze —t—— (5'20)
M| PlH. H, H p pao
060 16 % 66 %_U_gla&
L Oop p p 00 ]
X H,
)
Hy, Hy, Hg Ty Ty T
Hy, Hy, Hy | =T, T, Ty (5-21)
H Hy Hg T T Te
AT A X IE N
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T11 T12 T16
X = T12 T22 T26 = T11T22T66 + 2T12T26T16 _T11T235 _Tl;TSS _Tlf‘:TZZ (5 ‘22)
T16 T26 T66
FrbL, ac:
H11 H12 H16 1 TzzTee _Tzfs _T12T66 +T16T26 T12T26 _T16T22
H12 H 22 H 2% | = Y _T12T66 +T16T26 T11T66 _T1<25 _TllTZG +T12T16 (5 -23 )
H16 Hze Hee T12T26 _T16T22 _T11T26 +T12T16 T11T22 _le

B2 (5-20) 15

he oa ad a 0 140 1au,
M/J:_ H11_p+H16_9+H12_p_H16 +le__g'i'H (5-24a)
12 op op P yo, 86’

8 oa 1 I i i 0
M=, Moy, Doy Yoy Gy My T 6 o4
12 op op yo, p 00

3 oa 1 q g ou
M=, e, By Sy oy 1y TN gy
7”12 op op Yo, Yo, p 00 p 00

FIBE, K U(5-18g)(5-18h) S RIBREIE, fRHIQ , FIQ, -

. OW
T. T.|[Q Y
|: 55 45:||: pz:|:kh ,0~ (5_25)
T Tus | Qo a. + l 6‘_W
4
p 00
E
. OW
Q He H.l ' ap
[ pz:|:kh|: 55 45:| p~ (5_26)
Qez H45 H44 v la_w
" pod
¥ (5-26) B I AT 15
sz—kh(H558W+ Hgl, +Hygly, +H g 12—2’) (5-27a)
kh(H 8W+H45u +H4409+H4436—W] (5-27b)
p 06

Hob, CXEHEAREM . M, M, R, B NRQ,. Q, - fIF
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SBH ORI W R S Ry e G G, . FP a8 SN p-z P
A% R i) ARl ) TE T e e B, O, FRAE 0 — 2 ~F-THT A A ) ol £ I [ e 3l
WIEEZHEC NN, BUMEIER TH Kk =5/6 . AMMFEIGE H, bR A
S, HRT (0-6,) I =F1 R BUH A B

Reissner BB LA ALK T AL G+ O, AW AT &I R4 T (¥ 30 fee I+
B

N N

0,= 2 AP0, (0.2,),0,= 2 AP0, (0.4), W= LA W(0.4)  (528)
Rt A NAAIRE RS, A AV D2 RS, N JORBI A BT,
0,(0,4) U,(0,4) W(0,4 ) ALLFERHEf R B, TR E, N(5-28)%K &
(B SR o 3L BSOS 155 B A 5 8.1 85 (4 S 2R i
(1B BT R (S-28) T MM B SR, 35 TR A B AR A2, % 4, <1

T S6F INE (14 39 30 g TN L 73 38 S 000, e R Ay o3 BB R i Ak AR A% p — O & T B R

K, BRI 7M.

K (5-25). (5-28)R A (5-18a). (5-18b). (5-18¢), %Hééjft(sas)tlﬂ%ﬁi&
JEIT AR i R ot, | EHEIUMBEROMy THRA, ULTHK
0,(0,4) U,(6,4) W(6,4) A AEERT T W A):

Hooll), + Hyell, + Hooll, +(Ho —Hy, — Heg )T, (H sz)up

uH
(H26—H66)u + A 2H 0+ A(Hy, + Heg )T, + (5-29a)
+APH g, + AH T, — A(Hi + Hye —Hgs )T, = 0

H oo, + Hyplly + (Hyp + Heg + Hag )T, + Hopl0, + (Ho + Hy, )T,
—(H66+Hzﬁ)ug+ﬂb-2H26u9+}u(H12+H66)up+}u2H16 , (5-29b)
+ AP Heggll, + AH 0, + A (Hyg + Hye + Hp, )T, =0

H, W +H,W +1-2H,,W + A*H W+ AH, W =0 (5-29¢)
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BRI, () FRA AT O MW S ()RR AT 6 10— S8
TR (5-29) R A A2 1, Al LR A (8 R, R 51\ B A R ot

g, =0, (5-30a)
g, = AT, (5-30b)
g, =AW (5-30c)

FH 1 ARE 5 R 3X(5-29) T 48 Ry 28 14 5 (1E B 1) /80
Hgoll, + Hyell, + HeolT, +(Hps — Hes )T, +(Hz —Hy,)T,
+(H26—H66)u +2-2H, T +}L(H12+H66) o+ AHLG, (5-31a)
+AH,58, + AH T, — A (Hy + Hy, —Heg )T, =0

H o0, + Hy,ll, + (Hyp + Heg + Hg )T, + Hol0, +(Ho + Hy, )T,
—(Hgs +Hyg )Ty + A+ 2H 000, + A(Hy, + Heg )T, + AH,60, (5-31b)
+AH g8, + AH 00, + A (Hyg + Hye + Hp, )T, =0

H, W +H,W +1-2H,W + AH.,g, + AH,;W=0 (5-31c¢)
Rt o=6Mmo=6, b yEH, BIM ,=M,=Q,, =0.
M, =00, R (5-24c) AT 15
Heoll, +Hyl, + Hayol, — Heell, + AH, 0 + AH T, =0 (6=6,0,) (5-32a)
M, =0, HRIFEH(5-24b) 15
L+ Hyl, + Ho,l, — Hoglly + AH,, T, + AH, T, =0 (0=6,,6,) (5-32b)
2 Q,, =0, R (5-27b)AI 15
H, W +AH,W=0 (0=6,6,) (5-32¢)

M, BAH A 2 1) S M R S AR ) O B P38 B T A8 iR T SR e 1 R
A (5-32) PR MEH 0 7 FE4H.(5-3 1) RFAEAE In] /&
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5.2 WARIEAZ & E S M Ah AR Y] O IE R I2AVESL

BT B 5-3 B H00RH IR 52 25 1R S PR AR S R S T U0 AR Y, B st A A
Fhgh S5 x KRN0, . QM Q, 7 R MM A R R B 2% 3((5-31),

RIESS VRPRTES 2 AR A 3 3 2 S Aoy 7 A2 3(5-33)(BA T~ 2 ZURI K _ERR (1)
Q¥IFRIRE T 56 1 FAPRIANEE 2 FidrED

y

z-plane(3)

HUT, + MU, + HUT, +(HE - HE —HE)E, (Y -1,

+(H§?—H6(6))uw+2/1H16u +ﬂ,( 12+Hé6) ,+AHY g,

+/1H1(é)915+/1H16 U, E(H()"'H()_He(esl))uw =0

H( )U + HéZ)ulE‘ + HZ(Z)UIQ +(H§|2-) + Hé((;l) + HE(SJ(::»))UlI +(H;(21) + Hgi))ljlp

(HéG)+H2(6))u19+2/1H16u19+/1( 12 +Hé6) +2’H16 glp

+}“Héé)gw +Z’H26 Uy +1(H16 + ng) + Hl(Z)) 1p =0

HOW, +HOW + A-2HW, + AHY g, + AH W, =0

9, /IUZP

AU,

(=]
N
||

(5-33a)
(5-33b)

(5-33c¢)

(5-33d)

(5-33¢)

(5-33f)
(5-33g)
(5-33h)

(5-33i)
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HO, + HET, I, + (HE) - HE R )5, + (R —HE ),

+(H£§) - Hs(e))Uze + 2/1H1(:)Uép +/1(H1(2) + Héé)) 20 +ﬂ’Hﬁff)g2p (5'33j)
+2’H1(62)920+1H16) _E(Hl(g)"‘Hé?—Htls(GZ))Uw:O

Hg)UZH + Hg)UZHB + H;(ZZ)UZVB +(H§§) + Hé(GZ) + HG(SG))Ué +(H22 + H26 )

2p

(Hée)"'Hze)) 20+2/1H1(6)u29+/1(H1(22)+Hé6))u +ﬂ’H16 92, (5-33k)
‘M“Hég)gze"'ﬂHze)uza+/1<H16)+H26)+H1(2 ) =0

HOW, + HOW, + 4-2HW, + AH g, + AH W, =0 (5-331)

EINF =0, F0=0, I, TJIHHMALIFFKMETEN:

HYT, +HYD, + HYD -HYT, + AHYT, +AHY T, =0  (0=6) (5-34a)

HYO +HYD, + HYD, —HYT, + AHYT, + AHYT, =0  (6=6)) (5-34b)
HOW + AHDW, =0 @=6) (5-34c)

HOT, +HPW,, +HPD, -HPT,, +AHZT, + AR, =0 (0=6,) (5-34d)

HPT, +HPW, +HED, —HP, + AHET, +AHPT,, =0 (0=6,) (5-34¢)

H2W, + AH W, =0 0=6,) (5-34D)
BB AE XA AR PR 235 S0 3 2 BRABAZ 2648, BlL:
1% (6,) =02 (6,),05 (6,) =05 (6,), W (6,) =W (6,) (5-35a)

MB@)=MIE)LME(G)=MP(6).Q0(0)=Q0(@)  (5-35b)

H(5-24b). (5-24¢). (5-27b)FIF(5-28) 7] 15 :

u,-0,,=0 (6=6,) (5-36a)
Uy =l =0 (0=0,) (5-36b)
W, —W, =0 (6=6,) (5-36¢)

HYT, +HY T, - H;?uz'g ~HP0, +HY0 -HYT, -HY,)

(5-36d)
+Hé6)u26+/1H16u +ARYa, - ARG, —/1H66 o =0 (6=6,)
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)

HYE, +HYT, -HYT, - Héi)Uz'g +HRT, —HT, -HT, (5-36¢)
+H26 Uy +/1H12 U, +/1H lle AHZB 20 =0 (0=6)
HOW — H W, +AH4;v‘v1—ﬂH£§’V‘vz =0 (©=6) (5-360

NS M-S IR X = e v St i 7) = = ) A O 1 8
S TS A 20 (5-34) A1 T3 T Bl 1A 2644 3(5-36) i 5 438 40 R 2H.(5-3 3 )R A AR I SR fi
T EBUE R RIS ) L, X BRI Ak SR ARV

5.3 W KA A
XH, JzH DQM TR AN A% 8 S PEARHR U FV I B A mr PEFE 2, B 5-
1, BB MK TR 6, <0<0,, HEHERITSEI NN, BHCT AU
AN+L, BIEO<j<N), HH g =08 =1. BET RN RS K
SIRRE A, R
. :i, (j=0,12,------,N) (5-37)

MR 3T DQM LIS 21 (¥ 5% T B AR IR 58 25 1) S AR D) 1 A0 7 P AL
A NFHIEE B — BT R4

CY-ADY =0 (5-38)
Hrp
. S | _
| |
| |
C= D=
Jll J12 Gll G12 Gl4 GlS
‘JZl 'J22 GZl G22 G24 G25
L ‘]33_ L G33 GSS

Y=g, 9 9, U, U, W:'T
BN (N +2D) x (N +1) A sE g, Hor,
Hee AP H AL

‘]ll = 02 + 669 : +(Hé6_H22)'I!
H, AP (H' —H JAY ,
le - (92 = 2249 66 +(H26_H66)'|’
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Gn:_Hll’I’ GlZ :_Hle'll

—2H,-AD
14:#_H16.|’
0
~H, —H,)-AP ,
G15:( - 966) —+(Hy +Hy —Heg) - 1,

HZGAi(jZ) (Hy, + Hes + H;G)AEJEL)
6° " 0
H,A® H, AP :
B 2;2 —+ 229 - _(H66+H26)‘|a
G21 :_HlG'I’ Gzz :_Hee'lv

le: +(H;2+H26).I’

J22

— (_Hlﬁ B Hee)'A-(l)

G24 2] : _(H16+H26+H:|,.2)'|’
1)
=_2H26'Aij “H. 1
25 0 2" b
HAD LAY
B 0
G33:_H55'|v
(€]
36:_2H45.Aij _Hzrts'l
0

PR 2 A 2(5-34) A0 ST B R 20 (5-36) R AR I 8 0 AT A1 n AT B e xk
@%mﬁﬂﬁM%¢mmm§ﬁﬂiﬁ%ﬁﬁ@%ﬂéw
G, Kal(5-38) 4L A

gp gp 0
I Jy I Jy 0
I I
o 9w |_| 0
3 3 - A A A A = 5-39
Jn Iy u, A G, Gp Gy, Gy u, 0 ( )
Ju I Uy Gy Gy Gy Gy U 0
L I AW L G Gy | w 0

gi bPrik, AFRH FORTRAN &S 4S5 @I DQMEI Kf#(5-39),
ARAT A 1L 2 2% ) S E AR D) R ) B H A, o RUR IEAZ % ) S A R
DI A5 AR B Ak R B AT 45
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5.4 BUEEHI
5.4.1 YIO3KA o 3T 4, BIE M

Ebof Pl 5-4 TR 1 BUR L2 26 1) 57 PRS2 SRR ) I B2, L TUARTRRAE R L
A PIAHMRHEA R 350 R 3 5 4 R ARRR F x-y IREFEILENN 5, APRE 1 ISR FEHE
Mes,=s, MEL 2 MFREHERESs, =25, HAESHHA(5-40)#1E . AR TR
51 RBNEDQM)XM %) & G5 ) 1 5 e M F e SO AT S 8L i, 1B S8 S
BB TTHU(N=8,12,16)JT RISV o iy, THEEEE SRR 5-1 B . BUE SE3 R 1.
(DFEWSUR R 5, 5 SCIRPYEEME MR 1 S KA R 22N T 0.5%: (Y1 0%
PEARBBE TR A o SRR, 2 o =180 I 57 AE IS B S bk . X
— IR R T IEAL & A SR A MR D) 1 0 AT N R R, B4

HARETESENE.
VA

B 5-4 RO IEAZ 25 A TEARCD) DL (B RE B R 5 x -y )

[1/39 -0.0451/6.4 -0.3507/30.6 0 0 0 |
164 0275306 0 0 0
1/30.6 o 0 0
- 145 0 0 (5-40)
Sym 1/19.7 0
Y45

FETT Sk 3 BT SR H J7 T ASHIF FURA S R M SR AP AE 2R A (S BE v A S HL
BT =R B R A, B RGUHE S R AR A e IR A BUE S R E R TR
ATESR B AT (PEILER 5-1) = ar VAR BoE 2D F A DL, X 0
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ERERRR, X Ea PR R A E
YIRS XIS, (B ey i 58 BE L7139 73 A1 B S B 21 A 23K T,
F B SUAIUAE . BE SRmEE I » BOMER,  mlr AR ar 3 i 2% 3 AR
YTk TR A, IXAE R SRS A5 0 b o BAT R R 2

T BAHHA T A VERE (4, 1)

R 5-1 XUHH IS 1) S PE AR D) 18 75 73 3k 4 5

al(?)  BE I A 2 A A A
SR Qéﬁ;%i(wﬁ;%i 0.3 / /

; N =8 %ﬁiﬁﬁ%;?j %fgffﬁi;;' 0.500042 1.0 1.0000031
N =12 %igggéggj 832?23;33 0.500014 1.0 1.0000002
N =16 %iﬁggg%%? %igggg%%; 0.5000025 1.0 0.9999999
THREY 05450832 0.8646145  0.6943453 / /
N=8 05450656  0.8646573  0.6943111 1.0 13886965

O NCl2 05450758 08646188 0.6943430 1.0 13886914
N=16 05450828  0.8646149  0.6943448 1.0 13886908
SCHREA 0.6812632 1.0 0.8536774 / /
N=8  0.6812473 1.0 0.8536735 12759623  1.7073800

PN ossizels 1.0 0.8536773 12758287  1.7073568
N=16  0.6812634 1.0 0.8536774 12758192  1.7073552
SCHREA 0.9886141 1.0 1.0 / /
SCHEREY 1.0 1.792550  1.2068588 / /

» N =8 1.0 1792671 1.2068590 %éﬁ%i%ﬁ %‘é?‘l‘gjf)g;
N =12 1.0 1792635 1.2068587 %gﬁjg;gg; gg?fggii;
N =16 1.0 1792633 12068587 oo iors 220070

542 RIEMARSERRETFRIRA O, X 4, BIF200

62



S W YN R VAT

FESCPR LRESS R, UM A8 4% 17 7 M R G AR IR BSR4 ) 32
AR 1-2 #85 R RAAR R x— y AR IR A 6, . AEREFRHZ G0 H &

LR RS R R ETT 1A (U0 07 1 457 1 90° 4 /2 ) R AJE AL 25 46 1) B AR I EE AN A s ks A
Felt AR 1) 1) 3 1 2 5 B SR A AR T TR R SR VERERU S . AL, B FCIEAS 4%
[e] S P A 2 Al 2 R0 B e 1) BT EE AR ME

AR T 1A 5 R KA RN BN, R IE I A AR AR e (e R )R
BHR BB R R, WG4, AT, NeRAARR TR

o0

FERERE, S, N RRAAR R R IBERIZHERE, R(O-6,) NKRT 06, ek
B
T, =R (0-6,)-S,,-R(6-6,) (5-41)
I 5-5 BT NP FRAERHI RL 3 4 2 5 8 R R AR FR x— y i 45° BF (B
Li z SIS EERE A IE) AR ) 7 B o ZEASB Ao s AN R R R S R
R IR AR R BT B S 7 0, 368 S 7 5 1k 5 K S e A
VA

Kl 5-5 @, = 45° I BURH IEAZ & o) A AT R D FR &

SR P09y SRR SR 8 345 0UR 1 22 2% 1) S PR D) 1827 AP e o5+ 8t 32
HRTRMR R UE 5-6a~KE 5-6d Fin, PSRBT E®: (DMEDI D%
o BIIGR, R A SR B S B R Se 8 e, BV BT S v IR S
Ji T DX 35 A (4R 35 I 3 75 S PRI GO kU7 (2)WUAH IE 22 4% 1) S VAR B B
JIFVETR B AT AR 2 &R 5 V) 107 AR A, BEAE KA RS OR,

63



S W YN R VAT

FOREE DT 1 5 D)0 U XS B g o, S SR RS RO T R A AR IR W R B
W, HEOBRAE 1 IEAA A S VERR T AR R AR . (3)XUR IR AT % [
PEM B D) 11 00 & B 83 MR BB TE 6, = 907 Bt il H I fe/IMEL,  mT WA R} 32 5l R
5 RRANR AT B AR, D) DN A v oo (4) IR 2SR R A R
e 2 PR 7 TADRHERR A PEFE AR SE MBS, R, 0k v B 3 AR S S B A B
Fo X BB E PR TR AR T [ R B A RS ISR A . SRRl 2
5KA Y 12000, SEVURT ARk dE 2 4, SN, Mgk ALE 3000 60°. 90°HF, 4,
HAFREN 1.0 A2,

= —
yd

144,

124 ‘
ll.‘

1.0 — Ak

0.8

2 064aaas

-~ 03

/iw 1
1.0 oot i, L0 0040000 40 0000w 5o Sadaanadass sl
akea & A Ricansd
|’ "
0.8 4 0.8 "
Y - A
- ke o BPLPerese bt}
o . o
0.6 06 T O0Go000000
T

T T T T T T T T T T T T T T T T T
159 35°  55°  75°  95°  115° 135° 155° 175° 15° 35° 55° 75 95 1150 1350 1550 175°
2
8, s

K 5-6¢ AN[F] @, T A9 90N g Br itk fa kL K 5-6d AN[F 6, 5K AN 12000 B ) Ak 4R £k

5.5 ARE/NLE

AR FET N IEAZ B 1) A M A ARHRCD) 1 37 e 4k 1), it — s ROR AR 5
% R Y 0 S T R R A O H ) T R AR AR AL, R )
SRANEHATBAE R, DRI T 9] 1 2R 3 B ) 7 S AR RS AR FE K. AT EAR

64



S W YN R VAT

B LGk AT LT R

20 5 3CEREUE X BUIAIE, A TSR SRIESME RS LRI RIS T, THRRER ST
W RGRIT T A R RHE A2 % 3 7 ER R Al AR 5 R R A bR AR Sk
F N A PESR R R R, WIE TR A AN R X SR A 3 Al AR A BT 1) R
ERIEKCESEE

IR A i AR AR Dy A B e RSN IR T B ST AR S, I R T
IS 7758 BE N7 RO TS B, O TR E A (R 5 0 22 VP A B BB A R 7 %6

65



S W YN R VAT

FOE L ERE
6.1 Z5it

FELLSAVERRIRHELE N Reissner BRIIGMHTHELE N, ARFFRE T —FEIH
BRI BUME R R @ 77 T Williams SLEEIAMWTE JEIT, HGHnEAI
RIEFIRNFANE T AT REAR &, I H 50 T A VE SR B R Al il 0 42 4
Jite . fEUEEARAE R, ) AR R SR AR A e A Dy A PR R S R AL A
PRI RS G 20 ROR 2R, WNTIRE B2 4% R A St 2 M il A ) D R ALE A 23 5 RE 2L Y
oK g am e B — 0 R SRBNE BT BUE B R B A R E R U5 2
21 1r) A A AR HE R ) SO RE AR IR AL, SR B 1 % i A PR 0 = 2K
fiEtr . ASCRIBEFA RN T .

(DAHEFE3HT T Reissner 25 (7] [FPEARY) D B A7 PEHE 4L, 25 30k A A%
FERFIEFRECE O A0 1 BOfEL, ASCHIH Rl AR PR RO 2Rl SRR &
FENL T R Z MBI BT B SR AR AR, 18] P 560 Ao LSO SOURA ek 3 S P 5 i
M. RGRTT 1P, 4P iAo S 4 St 55 s B TR A B B B VR 4R
Bos A, N TREai e BVEVE A SR O 1 BRI dE .

QAW FURE L 1 DhReRR EE T EAR V IR U) O N A ArtESR B iR &Y, da il
TP RARE, SKBL T SRR AR 2 70 A6 A 22 B A k4 B [P R AR
fif, TR T EOR AR A R BT Y) R R P R BUSR. #-D R
WL T RERR S 5 2l < /M BE IR S AR A FT k1), 8o 1 3 A -2 R A RHE
PHC BRI O ) B R B A, VRSP AR S BT SR LR K 5
TR T %

GYAWT TR T IERZ S A A R V )OS & R 8ot Sk & . 4f
XFIEAZ % [ e PR R A 6 R B2 S BUR AR AL R B 7 REAE R,
70 RAVE(DQM) K AFHELE . J8 I LR AL PRAR SR BAR LR E T RE 4L, Koy
DRSS 1) AL ) SCRECRFIE(E R R, BE & QR SESKILR M. (E[F%%
FEEAROL T, ASCR R T Al (e FRE D

66



S W YN R VAT

6.2 EECF=

(WA FEET Williams i IHE, W& T VIV D905 2 MR 133
HEZE, SRR /A vEFR S @ AR 5w 0l (T BAIBD WEE R M. RfE 5
A F IR, ESE T S AR A 5 IO =4S o A e RV R B R
EAREVE R, ST R Y] 1 6548 SR O 4 B T e R

QBT DQM 5l NWi% 20, K% 7 & [ RVEAR . Thagsh e &
W% IE A 4% ) S 4 S A AR B 070 182 ) 2 S Ak A B 8L o 4910 B0 E R 1A
DQM i3 ar k155 5 4 St KR 2<1%, HAEFSHSEE PR TAL S 515
A R D

QYRR G R 1 & 1 RS LA AL ThReh -5 Bkt Rk 5 I 4340 K
TEAE % ) e PR R 2 B 1 o §1) 0 g &3 PR R R LR S8 2 oA [ S 400
i, AR T AR U A IE B 5 A v SR B S DR BN OC R, O AR ) 1 R
JIEE AR SR AR BT HE T o

6.3 FTESRE

(DASCRATHE 7N A RS IR AR E RARAL N A7 75 PR3 59 1 i 2 (n
[ ) 9 R ) SR BE R AR o R T AR R, WEliEH 2 RERE
TSIk A8 VIR OIS0 A 5 3 7 DR F A AT -~ A 7 i AT R k3 A
111 E 320 128 2 B FR) 8 L 7 DX SO 45 5 AT BRTC i < 30 5 ek 55 B e 5 2 s A ik
fitt o

QAT Tt B ST T RERH T Hh JEAR U O & Ak &R, 7T 2538030 JE 2 Th REAR
JE AR AT T

Q)R FLH AR S S AR 1 - B & 55 5 3 8 B3R A 8, RK
R =K% OB Ho—, B -2 EI G AR KRB TR H
=, RIE=#EE R R4S S 2 0 R AR BEARAL DT, RIS R
LA R30S A PE TR B AR 2R Ve R I L, H =, MR SRARTE (DQMD
R A BRI, SCBL SCABCRAE R 1) A 3R A

67



S W YN R VAT

S22 3Rk

[1] Hu K X, Yeh C P. Stress singularities in microelectronic solder joints with V-notc
hes[J]. IEEE Transactions on Components and Packaging Technologies, 2002, 2
5(2): 256-263.

[2] Carpinteri A. Stress singularity at sharp angular corners in plates[J]. Engineering
Fracture Mechanics, 1987, 28(1): 51-58.

[3] Seweryn A. Brittle fracture criterion for structures with sharp notches[J]. Internat
ional Journal of Fracture, 1994, 65(1): 61-71.

[4] BRIERE , SKEACHE . TR M]. JERCAEERUE IR K AR | 2012.

[5] Irwin G R. Analysis of stresses and strains near the end of a crack traversing a pl
ate[J]. Journal of Applied Mechanics, 1957, 24: 361-364.

[6] Anderson T L. Fracture Mechanics: Fundamentals and Applications. 4th ed. CRC
Press, 2017.

[7] Rice J R. A path independent integral and the approximate analysis of strain conc
entration by notches and cracks[J]. Journal of Applied Mechanics, 1968, 35: 379
-386.

[8] Bogy D B. Edge-bonded dissimilar orthogonal elastic wedges under normal and
shear loading[J]. Journal of Applied Mechanics, 1968, 35: 460-466.

[9] Williams M L. The stresses around a fault or crack in dissimilar media[J]. Bulleti
n of the Seismological Society of America, 1959, 49(2): 199-204.

[10] Hutchinson J W. Singular behavior at the end of a tensile crack in a hardening m

aterial[J]. Journal of the Mechanics and Physics of Solids, 1968, 16(1): 13-31.

[11] Rice J R, Rosengren G F. Plane strain deformation near a crack tip in a power-la

w hardening material[J]. Journal of the Mechanics and Physics of Solids, 1968, 1

6(1): 1-12.

[12] Wells A A. Application of Fracture Mechanics of and Beyond General Yielding

[J]. British Welding, 1963, (10): 563~570.

[13] Rice J R. A Path Independent Integral and the Approximate analysis of Strain

68



S W YN R VAT

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

Concentrations by Notches and Cracks[J]. Applied Mechanics, 1968, 35: 379~28
6.

Hutchinson J W. Singular Behavior at the End of a Tensile Crack in a Hardening
Material[J]. the Mechanics and Physics of Solids, 1968, 16: 13~31.

Rice J R, Rosengren G F. Plane Strain Deformation Near crack Tip in a Power-L
aw Hardening Material[J]. Mechanics and Physics of Solids, 1968, 16: 1~12.
LIY T, Song M. Method to calculate stress intensity factor of V-notch in bi-mate
rials[J]. Acta Mechanica, Solida Sinica, 2008, 21(4): 337-346.

Zhong Zheng-hua, Luo Jian-hui. Theory and Refined Theory of Elasticity for Tra
nsversely Isotropic Plates and a New Theory for Thick Plates[J]. Applied Mathe
matics and Mechanics, 1988, 9(4): 341-354.

Williams M L. Surface stress singularities resulting from various boundary condi
tions in angular corners of plates under bending[C]//Proceedings of the Firs-t US
National Congress of Applied Mechanics. Chicago, 1951: 325-329.

Sih G C, Paris P C, Erdogan F. Crack-tip, stress-intensity factors for plane extens
ion and plate bending problems[J]. Journal of Applied Mechanics, 1962, 29(2): 3
06-312.

Knowles J K, Wang N M. On the bending of an elastic plate containing a crack[J].
Journal of Mathematics and Physics, 1960, 39(5): 223-236.

LIU Chun-tu. Stresses and deformations near the crack tip for bending plate[J]. A
cta Mechanica Solida Sinica, 1983, 9(3): 441-448.

Zucchini A, Hui CY, Zehnder AT. Crack tip stress fields for thin, cracked plates 1
n bending, shear and twisting: A comparison of plate theory and three-dimension
al elasticity theory solutions[J]. International Journal of Fracture, 2000, 104: 387
~407.

Berto F, Lazzarin P, Kotousov A, Harding S. Out-of-plane singular stress fields i
n V-notched plates and welded lap joints induced by in-plane shear load conditio
ns[J]. Fatigue & Fracture of Engineering Materials & Structures, 2011, 34(4): 29
1~304.

69



S W YN R VAT

[24] LiJ. Singularity analysis of near-tip fields for notches formed from several aniso
tropic plates under bending[J]. International Journal of Solids and Structures, 20
02, 39: 5767~5785.

[25] Treifi M, Oyadiji SO, Tsang DKL. Computations of modes I and II stress intensi
ty factors of sharp notched plates under in-plane shear and bending loading by th
e fractal-like finite element method[J]. International Journal of Solids and Struct
ures, 2008, 45: 6468~6484.

[26] L&Fo¢, BRA R — P AT SR 1 S Ve A RS0 . 7758 FE A 28 38 T
EN] THE 15 5R, 2007(02): 209-214.

[27] Penado FE. Singular intensity factors at bimaterial anisotropic interfaces[J]. Com
pos Struct, 2001, 52(3): 323~333.

[28] Sih G C, Rice J R. The bending of plates of dissimilar materials with cracks[J]. J
ournal of Applied Mechanics, 1964, 31(3): 477-482.

[29] Sih G C. Flexural problems of cracks in mixed media[C]/ /Proceedings of the Fir
st International Con-ference on Fracture. Sendai, 1965, 1: 391-409.

[30] Huang CS. Corner singularities in bi-material Mindlin plates[J]. Composite Struc
tures ,2002, 56: 315~327.

[31] ERMS. TAESSH VIR YN O & PR AL 70 [D]. & L Talk K57, 2015.

[32] Aman Garg HD, Chalak. A review on analysis of laminated composite and sand
wich structures under hygrothermal conditions[J]. Thin-Walled Structures, 2019,

142: 205-226.

[33] Ichiro Shiota, Yoshinari Miyamoto. Functionally Graded Materials 1996[C]//Pro
ceedings of the 4th International Symposium on Functionally Graded Materials.
AIST Tsukuba Research Center. Tsukuba, Japan, 1996: 21-24.

[34] Shen H S. Functionally Graded Materials Nonlinear Analysis of Plates and Shell
s[M]. Boca Raton: CRC Press, 2009.

[35] Eui. & VIRYII SR 58 8 59 57 7tk 7T [D]. & L Tk K27, 2013.

[36] Saidi AR, Hejripour F, Jomehzadeh E. On the stress singularities and boundary 1

ayer in moderately thick functionally graded sectorial plates[J]. Applied Mathem

70



S W YN R VAT

atical Modelling, 2010, 34: 3478-3492.

[37] Barati E, Mohandesi JA, Alizadeh Y. The effect of notch depth on J-integral and
critical fracture load in plates made of functionally graded aluminum-silicone ca
rbide composite with U-notches under bending[J]. Materials & Design 2010, 31
(10): 4686-4692.

[38] Ciavarella M, Cancelling the effect of sharp notches or cracks with graded elasti
¢ modulus materials[J]. Journal of the Mechanics and Physics of Solids 2024, 19
2: 105809.

[39] Singh H,Bhardwaj G, Grover N. Modeling and static analysis of porous function
ally graded and FG-sandwich plates[J]. Structures 2024, 68: 107034.

[40] Huang CS, Chang MJ. Corner stress singularities in an FGM thin plate[J]. Intern
ational Journal of Solids and Structures 2007, 44(9): 2802-2819.

[41] Huang CS. Corner stress singularities in a high-order plate theory[J]. Computers
& Structures 2004, 82(20-21): 1657-1669.

[42] Huang CS, Chang MJ. Geometrically Induced Stress Singularities of a Thick FG
M Plate Based on the Third-Order Shear Deformation Theory[J]. Mechanics of A
dvanced Materials and Structures 2009, 16(2): 83-97.

[43] Wi, RAKE, A8 S R To BTk & T W R S RE B FE A B R 82 )
5 P IR F-[J]. FE 1%, 2000, (05): 139-144.

[44] STz, TR, RAG5C. THRERE EEAT R T W2 7122 0 (1], 152524, 2
005, (01): 1-8.

[45] Z=HE, SR, 2B 00RO EEME VIR U) N9 B AL A% 8T @[], M 0
“ERIETE, 2021, 42(12): 1258-1275.

[46] FEAAL, T 52, At ThAERR R b AR D) D& 1t e i [0]. A IE Tl K224 (B
SRE}ERR), 2015, 38(07): 938-943.

[47] Ang D D, Williams M L. Combined stresses in an orthotropic plate having a finit
e crack[J]. Journal of Applied Mechanics, 1961, 28(3): 372-378.

[48] Sih G C, Chen E P. Cracks in Composite Materials[M]. Mechanics of Fracture. 6.

Hague, Boston, London: Martinus Nijhoff Publishers, 1981: 76-87.

71



S W YN R VAT

[49] E Tuf, F oo, 1IEAC A ) e PV 1 e @ 2 7 9 R 5~ 3 e 7 e [0, Bt
F1%, 1995(03): 250-254.

[50] Delale F. Stress singularities in bonded anisotropic materials[J]. Int. J. Solids Str
uctures, 1984, 20: 31~40.

[51] Chen H P. Stress singularities in anisotropic multi-material wedges and junctions
[J]. Int.J. Solids Structures, 1998, 11: 1057~ 1073.

[52] LiJ. Singularity analysis of near-tip fields for notches formed from several
anisotropic plates under bending[J]. International Journal of Solids and Structure
s, 2002, 39(23): 5767-5785.

[53] Pageau S S, Jr S B B. A finite element approach to three-dimensional singular str
ess states in anisotropic multi-material wedges and junctions[J]. Int. J. Solids Str
uctures, 1996, 33: 33~47.

[54] ~Fo7 ik, MRAS B, W JE. 2 1) S itk 2 6 ADRL R BE A2 Sk i = PR L ) i et 7t
[J]. B 32225448, 2004, 21(3): 27~32.

[55] Shin KC, Liu H, Lee JJ, Choi ST. Interfacial crack tip field in anisotropic/isotrop
ic biomaterials[J]. Composite Structures, 2004, 66: 673~676.

[56] Ungamornrat J. Analysis of 3D cracks in anisotropic multi-material domain with
weakly singular SGBEM[J]. Engineering Analysis with Boundary Elements, 20
06, 30: 834~846.

[57] Ma H, Zhao LG, Chen YH. Non-singular terms for multiple cracks in anisotropic
elastic solids[J]. Theoretical and Applied Fracture Mechanics, 1997, 27: 129~13
4.

[58] Chue CH, Liu CI. A general solution on stress singularities in an anisotropic wed
ge[J]. Solids Structures, 2001, 38: 6889~6906.

[59] 4= ZR. Bl AR 5 FEE e BR 70 PR AR 2 4 25 i @[], S 057 A %7, 1993,
14(11): 971-978.

[60] Z4=R, FRACHE, #8055, 45, 4AE R FEVE 0 BT IEAS 4% 1) e AR D) 1 2 ) 7 57
PE[T]. N ECEFN F12, 2014, 35(04): 459-470.

[61] HroK/R ¥ K. G5t HIHRBNAIAR E PEIM]. BEESCRE, BE ik, 1963.

72



S W YN R VAT

[62]

[63]
[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

Bellman R, Casti J. Differential quadrature and long-term integration[J]. Journal
of Mathematical Analysis and Applications, 1971, 34(2): 235-238.

T WO RENELESE M 12 R RN 3], 1223 R, 1995, (02): 232-240.
S B 9, AP TR SRARVE SR AR GE B s 98 M in] /D). A2 7747, 2005, (01): 5
9-62+27.

ERER, £, 5K, &5, Je T4 RERE 70t e e [ AR R a1 IR 30 )], =30 5
M, 2014, 33(01): 125-129.

M. Shariyat, F. Farzan Nasab. Low-velocity impact analysis of the hierarchical v
iscoelastic FGM plates, using an explicit shear-bending decomposition theory an
d the new DQ method[J]. Composite Structures, 2014, (113): 63-73.

Feri, M., Krommer, M., & Alibeigloo, A. Elasticity solution of functionally grad
ed viscoelastic sandwich plates with piezoelectric layers under electrothermomec
hanical loading using DQM[J]. Journal of Thermal Stresses, 2025, 48(1): 82-111.
Al-Furjan, M. S. H., Shan, L., Shen, X., Kolahchi, R., & Rajak, D. K. Combinati
on of FEM-DQM for nonlinear mechanics of porous GPL-reinforced sandwich n
anoplates based on various theories[J]. Thin-Walled Structures, 2022, 178.

Lei, J., He, Y., Guo, S., Li, Z., & Liu, D. Thermal buckling and vibration of funct
ionally graded sinusoidal microbeams incorporating nonlinear temperature distri
bution using DQM[J]. Journal of Thermal Stresses, 2017, 40(6): 665-689.
Karimi, M., Mirdamadi, H.R. & Shahidi, A.R. Shear vibration and buckling of d
ouble-layer orthotropic nanoplates based on RPT resting on elastic foundations b
y DQM including surface effects[J]. Microsyst Technol, 2017, 23: 765-797.
Zhang, Q., Du, Y.-F., & Zhu, Q.-K. Study on large deformation mechanical beha
vior of Euler-Bernoulli beam using DQM][J]. Engineering Mechanics, 2014, 31:
1-4+10.

Vaghefi M, Rahideh H, Boveiri S, etc. Numerical Study of Two-Dimensional Bu
rger's Equation: The Phenomenon of the Fall of Sediment Particles Using Increm
ental Differential Quadrature Method[J]. Iranian Journal of Science and Technol

ogy - Transactions of Civil Engineering, 2021, 45(4).

73



S W YN R VAT

[73] Williams M L. Stress singularities resulting from various boundary conditions in
angular corners of plates in extension[J]. Journal of Applied Mechanics, 1952, 1
9(4): 526-528.

[74] Farzam A, Hassani B, Isogeometric analysis of in-plane functionally graded poro
us microplates using modified couple stress theory[J]. Aerospace Science and Te
chnology, 2019, 91: 508-524.

[75] ERFRIR o 3L LA P AT AR IR PUHR « FAT AL AN F). Btk B AR A 5
[J]. & AR R 2= 24 (H 8RR, 2016, 37(06): 1-4.

[76] Cheng, C.Z., Niu, Z.R. & Recho, N. Effect of non-singular stress on the brittle fr
acture of V-notched structure[J]. Int J Fract, 2012, 174(2): 127-138.

[77] Vrair. S J) 54 M. b5t BHE H R, 2006.

74



S W YN R VAT

Ut F A AR E] & FRAVERTIIR X

[1TE AR, 2R, 2542, DQM V20 50 XU T RERE BE Ak o &l JEAR V
TEON R B T]. BB 3%, 1-17 LR O WL T)

(2125 R, B AZ A, B0y SRAREHIE 70 % v [RIPEAR U0 1 R ) A 0] 22 A
REEEAR (B )

[BIXIHEE, BEER, 2R, B4 4. FGM [ B BR300 SRAREEIT
FLI). THE 15, 1-8.(CSCD #Z0)

75



S W YN R VAT

B

TR, BB AL 2 A8 SCEI e . 18] B X B A T Bk S
M ARGRFE, OB . 7Rl FRER AR IR SRS E R4S T
SCHF 45T AIHS B0 N T DL e 2 R TR

B, WEEOEGHIRK SIME R EEE .. B AR i HESR Wit
FIFFEHE S AR P RO . BRI AR NI SR IE 1R AR R
BB B S T, AR IRIRZI B 1 SRR FUR H A o 7R 18 0B SO SR B B
IR E B AR R WE R R Z K. BRI T, REFARE
FEREIE

REE T BOR. B e, FREHSEEI, EIRMEY SIRFEARS
e TROBREHY . FR, REsEREmETRE Y HEE, SR,
e, WK, EIRUREY:, BOARAIESEIR PME . B R H e
SR IXBUL AR S R ORI B EZ .

R IR SRR N o ARATIR 2T S A SRR IR e 9%, 2 JRAE B 4 9 i)
4T IRRBR, FERT R BRER ARSI R ). RITR R S A E Rk
AWrHTAT B . seah, EERIRZ N FEE, RIS I IR,
TR R A I TR R 2 ORFF AN 0 A5 JF 58 T TGS A

G, ERZH5RRCFHEMERTSALTR. FERUESHEE, &
WRIIE BT R e R R s . IS NBRIPRIR, 1R SO e £ A
AL, BAE & EVEAR

FRZ IR, FH IOV A, GREEREORFN . BR AT,

2= AT 551
2025 43

76



