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DISTRIBUTED ESTIMATION IN SENSOR NETWORKS
WITH COMMUNICATION PROTOCOLS

ABSTRACT

In recent years, state estimation and filtering techniques have
emerged as a prominent research focus in the fields of systems science
and signal processing, with extensive applications spanning industrial
control, aerospace engineering, precision navigation, and modern
communication systems. These methodologies have been substantiated as
indispensable core tools in multidisciplinary applications. Over the past
five decades, state estimation has demonstrated substantial advantages in
enhancing data accuracy, improving system robustness, and increasing
reliability. However, during modeling or information transmission
processes, network-induced phenomena inevitably arise due to physical
device limitations and the complexity and uncertainty of external
environments, which significantly degrade system performance.

The research indicates that the selection of communication
protocols profoundly impacts the performance of networked systems.
Conventional protocols include the static Round-Robin Protocol (RRP)
and the dynamic Try-Once-Discard Protocol (TODP). RRP allocates
transmission privileges in a time-sequential manner, ensuring fair access
for each node, while TODP dynamically schedules based on node
priorities, preferentially allowing nodes with the greatest differential to
transmit data. The FlexRay Protocol (FRP), which combines the
advantages of time-triggered and event-triggered protocols, is recognized

as a successful representative hybrid communication protocol in
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industrial applications.

This study is dedicated to exploring the distributed state estimation
problem in sensor networks with communication protocol constraints,
comprehensively considering potential network-induced phenomena such
as packet loss and time delays. To address these emerging challenges,
novel mathematical models are constructed to describe measurements
after FRP scheduling. Subsequently, employing Lyapunov stability
analysis and matrix theory, we study a class of distributed state estimation
problems in sensor networks based on FRP. Specifically, the contributions
of this work are as follows:

In the first part, we focus on the distributed /., -consensus filtering
problem in sensor networks with measurement loss under the FlexRay
protocol. The primary objective of this chapter is to design a filter that
ensures stochastic stability of the filtering error under given performance
metrics. To reduce resource consumption and computational costs, sensor
nodes in the network communicate through an FRP-equipped
communication network. Under the influence of FRP, a digital model in
multirate systems is established. The optimal filter coefficients are
determined through the solution of a series of linear matrix inequalities.
Subsequently, comprehensive numerical experiments are conducted to
demonstrate the computational efficiency and practical feasibility of the
developed filtering approach.

In the second part, we focuses on the #. state estimation problem
for discrete-time switched neural networks with mixed delays. To
alleviate communication burden and mitigate network congestion, FRP is
introduced in sensors to reduce unnecessary network congestion in
communication channels between sensors and estimators. In the presence
of mixed delays, the existence of desired estimators is guaranteed through

Lyapunov functional methods, and estimator gains are obtained by

v
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solving a set of convex optimization problems. The practical efficacy of
the proposed method is subsequently verified through a numerical

example.

Shen Yagang (system science)

Supervised by Prof. Liu Hongjian
KEY WORDS: FlexRay protocol, H, -consensus filtering, time-delays,

Sensor networks , Neural network
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1) Round-Robin Protocol
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] i<, (2-13)
Z(t,)=Mn\t,)
Hor
i 4 0 ) _ _
A=| Sk f A-rc|M=[0 M]
= 0 0
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TR Ry >0 (1 H,, — Bk ERELIR,

> E{0Ga)) <7 Y (0l OSn, 0+ 1 7,0)1;) (2-14)
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NITARS T, BATPEHE A0 T
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ST LA B2 BB M, VB AR 2 AR (2-13) e R AL i S B
(@), W) 28, B W, 1)1 SoE 1), Wyt ). S, (Bt Wy (@) - 2-16)
LA 75 1 R (40 5 5
Vo) 2,0, 0)-. .V, (6] (FEPVO)R0, V(06,2 0), HA— ek

(2-15)

B HME) eR™, (E45 LA T AR T

E{V ()} <WENEV (1)} + E{S(Z(t, ), W(1,))}. (2-17)
N, FATDTIRE LU A 15 2-13) R EAERL, ORI, D08:
0 I+gq, ) if g, #0,
G, =" 2q ) (2-18)
(0, 1], if g, =0

SEH 2.1 WF4AESESy >0, HHFsla G, , HRER >0,0>0,U>0, jE
WS LK, WA A R AR V) (RN
V@) =1 @) Pn,)), Wt T i B A 2 8 S(E(e, ), WY,)) » TEMR 25
BQ-13) AR BN BRI, JF B e H, — S g2 d(2-14), H{R} A
VIAZAE D, <y’ S IEEHFER S, LR &4

Yﬁﬁ%fwm n<m}

YiZZ(tk) (2_19)

v.(t)2P"’ —iZEU;’ET > 0.
y

14
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_ ]+qi(1_ai)

I+g,
Y (4)= AV (t,)A+M"(Q,+ R)M - pR,
V() =[ A¥] () H, - MTRM . 2] (t)H, ~M"RM |,

Y2 =[a, .1, T o)lH, .1, ]

: aju T W, a./ig — T ~
~diag{—2—P - M'RM... P -M'RM}.
] Ji1 !

+4;, I+q;

WEH: T AiG=1,2,...,N), HQ-13)A] AEEEH

EW,(mt,.) 7,0}
= E{n" (0. P00, }
= E{(An,c))+ Bw e+ Y. Hyn,0) P(An, )

JjeN;
+Bw 1)+ > Hyn, )}
Lo L (2-20)
=0 (t)A"RAn,(t)+ W (t,)B" PBw.(t,)
+ 3 0 (t)HIRY. Hyn,(t)+2n] ¢)A"PY. H,n,(t,)

JEN; JeN; JeN;

+ 20 (6,) A" PBw,(1,) + 2w (t,)B"R Y H,m (1)

JeN;

_72‘7"[1" U w, (1) + 7/2W,'T (EUwW,(2,).
BARY, () >0, B Schur 5|3 i T HA%XE O (1,)=yU - B RB>0

(. 6) ~ @, (1, ) B PAn,(1,) - ©,(0)B"P Y. Hy (1)) 7 (1)

JeN,

(W) - ®,(t) B" P, (1,) - ©,(t)B'PY. Hy,(1,)) 20,

JeN;
15185
7 () B BB - U, I, ) + 20 (1) A" PBiw,(1,)
+2w! (t)B"R Y H,n,(t,)

JeN;
<0/ (¢ )ARBO,(1,)B" RAn,(t,) (2-21)
+> 7 (4,)H, BB (t,)B"RY H,n,(1,)

jENi jENA

+2n! (t,)A" PB® (t,)B"R > H .1 (t,).

JEN;

MRAEFEFFLE A, HEFH

15
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PBO (o)BP+P=(P" — L BUBT)"
y? (2-22)

:‘P;I(tk)-
H (2-20) 1 (2-22) AHEIGF

EW,(n,(t,) | 1,8}
<n (t)A"Y; (t,)An,(t,)
2 GOHY (@) Y Hon, (1) (2-23)

+20] @ )A™Y@) Y Hyn ) + 77w, ()U (@)

JeN;

27 GO ) Z,(6) +77 W] (6)Uw,(1,)

Horp
y=[n/ @) nb @@ =[n) ).l @],
A H”(t) le(t) — /1 Ty -1 n
2 /()= A" 7(t,) 4,
(%) { H,—”(k)} C (@) (%)
07 =[a, .. .8, e elH,...H, ],
) =[4"y @ )H, . .ZT‘{’;’(tk)Hijm],
1y H.
Zr(tk)ﬁi(tk))?i(tk)+ ZHZ[(tk)_Zj(tk) ||; + H fi(tk) erl.
—Z T(t)Pn, ) - pn) )Pn,(t,) (2-24)
=X (tk)Yi(tk )28 <0.
Aﬁj\i\}ﬁ,

7 O, Z () <= D15 @)~ 2, g,

JEN;

||z(z)|\R+Z

/eN

-T(tk),];;nj(tk)"' piniT(tk)’];;ni(tk)'

(2-25)

HH(2-23)-(2-25) "] LTS H LR 4518

16
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EW.(n,(t,. ) [ n,(t)}
< Z‘T (¢ )ﬁi(tk V() + 72"7; (EIUw(2,)
<y’w (t)Uw,(t,)- ZHfi(tk)_fj(tk)Héi —1Z(t) Ik, (2-26)

a .
+ z 1+j n;(tk),ljjnj(tk)—i_pinir(tk)lljjni(tk)
JeN; qj
Ju Sy 5 =
==L ., p..., NNV (n(e )+ S.(2(2,), w.(t)).
P g A D+ ST (0))

1 (2-26) AT R AR B WA, ) 5 S8R YK, ) S P xot #f o DR R, AR 2 YR BB ML

Rk, W) st Fesisa R, BN EaUnT LA
EV,(n,(t,.,) | m,(6,)}
< E{[We )V ()]} + S, (G, w.(1,)).
FIH RS MR, o s3]
EW,(nt,)}
< E{W@ )V (n(e) § + E{S.(G(t,), w(1,) § -
B B AFATHE TS KA s
EW(0(t,.)}
< EYMV@ )V ((e) Y+ E{SGE(2,), w(1,) § -
B R T — 8 R RE AR AR
EQ V(. )}
<E{UW@ )V ((t) } + E{1 S(E(t, ), w(z,) } -

(2-27)
(2-28)
(2-29)

(2-30)

) 21V e,)), ERSBE
E{v(n (tk+1 )}

N 2-31
< ZE{Si(Ei(tk)’wi(tk))}_'_E{v(n(tk))}' ( )

b}
EQ((t. )} - ERv(n(t) § + E{0(E(2,))}

N (2-32)
< W)U w1,

B KPR £ NOF] o RIS 2

17
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i E{®(z(7,))} < Z ] )R ) + 77 1w, 115 (2-33)

Bt H | — ST RE R PR 15 23 L
‘;Eﬁ 2.2: &;ﬁj/ >0 ﬁi&?ﬁ” al' € qu ’ %Elzi Qi’ Ri 7H] []1 ’ ﬁﬂ%ﬁf—‘/l\%ﬁ
M 7 5 P 2diag{P',P’}(P' >0and P> >0) H % B E f1 F % & 91 i % 1

R<y’S(Vi=12,.,N), NyEiR%ERS (2-13) 55 H, —Bkikaeiais, M
I3 A2 LA R AN 2 5

=) ey ey 0 0
* X)) V@) 0 0
T2 ) X 0|
. i (%) 144(/) (2-34)
* * * 2,’ (tk) 0
Vi=],27---aN
/\I:P
A= y =,
-) Ff, A-EC
JeN;
11 —MTOM AT R M
S(t)=M"QM +M"RM - pP,
S () =-|MTOM,...M"OM |,
Pi
_ _ _ T
2 ) =(RA) )= [, T |
) a‘. - — a./}» 7T v
37(4,) = —diag{—2—P, ~M'RM,...,—=—P, —~M'RM},
]+qu; ! ]+qfi- "

5 =-P,2" ()= PB,
£4(t,) = —7°U,, 27 (1,) = —diag, {P},
H,(t,) = diag {0. F, .

2N\—1 -1
K; =(F)"F, E;.

L =(R")"E,
UERH: ﬁ%iﬂlﬁlﬂﬁﬁu%ﬁﬁidiag{l,l,ﬁ’,1,73’,...,731}, AL 2.
G ool

18
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) =P TR 0 0
£ 32 3P@) 0 0
. « 2R @) 0 (2-35)
. . £ S0

| * * * * 2_1_55(1‘1()_

b

S5()= A", Z?(tk):[H,.ﬂ...,H[jJT,
) =-B", ()=,
25 (t,) = —diag, {P"'}.

[ I 0] FH A7 78 R R PR o, RT RAAS 3]

251y T
- ) ;4(k) <0 (2-36)
Y ()

KRG, REZEAETHIK R
() =2 )R T () =2 @)R
2P (4)=PE ()R, T () =P (1),
=7(t,) = diag, {P }£7 (1, )diag, {P'},

E =P’L, F,=FPK,.

ij

iz Schur #h 5| BE, FATA] LASZEIM(2-35) 15 4518, B A2 2614(2-14).

2.3 BESSHIREFPE

FEA R, BN EUE BRI I3 B 7 =AU 4 A
A4 DTN RIMEREE MG, it AmEc=v,6,7) &xr, HPHasEN

V={1,2,3,4), %R E={LD,1L3)1L4.2D,(22),3,2,3.3,3.9,4, 4} ,

ATDAHEWT Y p1= p3=3, p2=2,p4=1 ql=q2=q3=2, q4=3, SEEN:

19
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05 0.06 0.03 0.03 0.2
4o -0.05 0.3 0.02 0.05  B- 0.4 ’

0.02 005 02 -0.01 0.3

L 0.02 0.02 0.02 0.1 0.2

1.1 0.05 0.02 0.03 0.1
Co -0.02 1.1 0.0l 0.0! D= 0.3 .

005 004 1 0.02 0.2

| 0.02 0.03 0.04 1.1 0.1]

)

Fah, HisHy Mk eE39, =016, o =05, 7, =diag{/,51} ,
&leOB%HQ:diag{],]}o

¥ s 1E oA x,=[0.15 0.11 0.1 021" , %=[02 04 02 01,
% =[02 04 01 011, x=[02 03 02 0.1, x,=[0.1 04 02 011,

Forp (T =—0.00Icos(—1k), & (t,)=—0.00Icos(—Ik).

0.2
—t—]
== ode 1
| - Nade 2
0.154 —¥—Node 3
—ge— Node 4

01

Amplitude

0.05

0 5 10 15 20 25 30 35 40
k

KI(2-1) IRZE X, K HAS T

20



LRUTAR R 2L 2 A

Amplitude

0.4%
0.35 |
0.3

0.25 A

=
M2
T

&
=
on

=
Ea

0.05

——]

== ode 1
- Nade 2
e Node 3
—ge— Node 4

Kl(2-2) RE X, R IHAG T

REERME (2-1) - (2-5) Pion. ATUSHE5E, (5HE R R 1 st
2 T AE PP Al TH s s O R R RIS TR BE -

Amplitude

0.2%
== ode 1
- Nade 2
0.156 e Node 3
—ge— Node 4
0.1%
005
ﬂ =
—DDE 1 1 1 1 1 1 1 ]
0 5 10 15 20 25 30 35 40

K(2-3) K3 x5 K HAf
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LRUTRRE R 22 A S

0.24
——
=i MNode 1
- Nade 2
0.15 e Node 3
—ge— Node 4
= 0
=
-
0.05 [
D -
—DDS 1 1 1 1 1 1 1 ]
0 5 10 15 20 25 30 35 40
k
Kl(2-4) IR3& x, S Ak
0.12
—f Node 1
=il de 2
0.1 —— Node 3
== Node 4
0.08
2 0.06,
0.04
002
0
0 5 10 15 20 25 30 35 40

KI(2-5) RE M T ITRVEEL

2.4 FEEH

AICHEGE T —FKFET Flexray Wrist (Il 2 R AL KA M L5 1 0 X H,, — 5
TEB A, SRR EBLRIEL ARSI R A AR Bk OR, AL T AN
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H,, — B rEREFE bR, DUSCBR Flexray BiSURI R 2 I 5 0] i 1R 22 B S IO RE
RS TR E R H o, — BUEREER AT 5o B a0 BB AE T 3
LR A A
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ST RSB i
38T ET Flexray BB &Y iHE AL IR M 4 /Y
H RTSAE T

FEARTES, WL T —REET Flexray WM TR & I B AGCIZ A M. N
T AR AR AR AN T 4% 2 TR R AR AR AN B BRI K, SR Flexray #pi
Uil /D A% R A AN A TH A% 2 TR IE S S TE A 0 B W g Al E . AR e A
Lyapunov-Krasovskii 751245 i I 28 AH S #E N DLERIEIT R A TH B A AEE . 285,
TR SR 2 AR IR RS B A T AR 28 o e — BB B T TR T
PR €

3.1 |SJREEIR
3.1.1 YRS mMEiEE

& UL — BB BEHL DI A 22 f 45 -

{x(k) = A, X (k=D + B, [ ¥ (K) + G 2oy 6k = 00 + E,  v(K)

3-1
2(k) = Ly x (k) G-

Hort, (k) R FoRMARE, 2(k) eRE FoR it s s, o ZHE
5, BUAMREA N = {12 r} (M, - FoRUHRES A, 00 FoRi L
G <Ak) <O AFEIR, b 6,0 0, AR S, ONMEEER, FoR
P22 T 5 R 22 2% 1 A0 BB B N W T e, R S IA) 5 AL B RE BOIR A
Wk) €l,[0,+0) Fon s Tk 1A & 4 =diagla, ,a, ,---a, },|a [SIi=12,-n),
B eR™ .G, eR™ E_eR", [ eR™ 5 A1HE 4R .

B 3.1: MATCHER Mg £,0)=0, g,0)=0.

k™ < fg(Sj)_fg(Sz) <kt
o SI—SZ o
72.* S go'(sl)_ga(SZ) S”Jr
o SI—S2 o

(3-2)

24
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XTI, MR () e R, SREEENN b= , HP

Yyt )FCx(t,) (3-3)
FoH € e R R A 52 B O

3.1.2 FlexRay #1MY

N TAET o0 A, JRAT TR A5 T I (4 . FRP S BOM B By il s
S LNL<N),LOFILHL, <L), 8H5 L=L,+L,. T FRP [1EH, RRP
FERASBOW R TR LY, 1 Weight-try-Once-Discard protocol 7E 574 B R AT
%ﬁﬁﬁﬁmgﬁ,ﬁﬂ%%@%?ﬁé&éﬁ%mﬁj,#ﬁ%m&ﬁ?m
ATV, RIFN-LRT S, 2{L +1,L+2,...,N} {#/] WTODP V.

BUAE, AEIAKR U FRP AR iF 2, ATRITE, RRP A1 WTODP fE%f
I I ARG ), 2[ick,ich+ Lib]| R Y, 2[ilb+ L1b,(i+ 1)Lh(i=0,1,2,...)] 2

ERRRY, AR 6, FoRAE RRP F A/ AR, i €, 77515 WTODP T3/
ORI, 7T LU S DU R R

{ pu(t,) = mod(k — L LL-n+1fore, e, (3-4)
otherwise

0

e(t,) =argmax s v, (%, Y11 Y@t yfore, €, 35

0 otherwise 3-2)

Hoep TL ARG E R IEERRE, IR Y, (6) =y, (6) =y, () Fdvy(0) 75 j i 5

R R =K =

fE FRP LSS, 36 i /M E R EE A
~ {5(/“!;,{ ’i)yi(tk)’ forie 81
Vit

= . : (3-6)
8(e,,0)y,(t,), fories,

Hors(,) NP NREL Mt s, =iflle =i MREFIRNHL, #—2F

Yi(6) =0, D)y, () +0(¢,,0)y,(t,), for/<i<N. (3-7)

25
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N TR ESR i, FATREGE PGS R RS, B 5

. ([1ifk/beN
s :{0 otherwise
W g, =0,6, =0(fork /be N) , TEGETIE yi(t) A
Y, (k) =m(k)Cx; (k)
F FLAS A ) I 48 3,6 9
P(k)=5(k)y.(k), forl<i<N
o
&(k)2 8 (t4,01)+ (6,1
EACH, it BB R

x(k+1)= Aa(k))e(k -0+ Ba(k)fa(k)(f(k))
+ Go‘(k)go-(k) (X(k—0(k)))+ Ka(k) (CTx(k)_ CTxA(k))
2(k) = L, x(k)

Hoh K yfime ik, C20.(onk)C, A1k

(k) 2[£] (), %2 (), ... 550

BREN (k) =x(k)— k), BWE(k)=z(k)-2(k), Pl UfFE]

e(k+1)=A4,,e(k=1)+B, [, (k)
+ Go‘(k)gcr(k) (g(k - e(k))) + Eo—(k)v(k) - Ko’(k)C_g(k)
Z(k) = Lo(k)g(k)

fo'(k) ((e(k)) = fo'(k) ((x(k)) - fo'(k) ((x(k))
Eoty (e(k=O(K)) = [, (x(k = O(k)) = f(x(k—0O(k))

(3-8)

(3-9)

(3-10)

(3-11)

(3-12)

(3-13)

W E(k-1)=[x" (k1) gT(k—z)]T,g(k){xT(k) &' (k) | FA B E W TR RS

{cf(k +1) = A, Ek =D+ K, () + B, & () + G & (k= 0(k) + E, (k)

Z(k)=L, k)

26
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(A4 0 B 0
o (k) (k)
Lo= o 4 }B““‘) :[ 0 B }
L (k) o (k)
0 0 Ly 0]
Kew=lg x 0= o |
L o (k) o (k) |
£y | oGO :Fhm 0
T Lty T 0 Gy |
¢ (k—00k)) = _ga(k)(x(k —Q(k))ﬂ ~ :|—Ea(k)
? _ga(k)(g(k —0(k))) o) \\Ea(k)

X 1 AR A2k, BebifE5o6), Hhk <c<k. N,(k),k)ErY)
WAlE 5 o) FEX ) [k, Kl ¥ % . R AFLE N, 20 R T>0, ff14
N, (ky, &) <N, +(k—k))/T,, W T, F1 N5 5FR AT 4 B [ FIRBUR, 1EA L
i, BATERE N, =0,

E X 2 FAIFR v (k) = 0 (YA 2 R ERAEY)HA5 5 o (k) T 24855 7 e 5E 1Y,
WBRIFAEARE >0 0 < X < 1, {#15nk) i L

E{l n(o)ly < XS] k)| (3-15)

0t TR k>k, o FxREERE, | ntk)l=sup,, | n(kl,
A TH RG24 1 K (0 €Q RIVIHAZ 5 0 (k) , {8 H RT3 A2 LA
THAER:
(1) 2v() = 0B, B~ RGRIREU R .
Q) ERVIEZAE T, T Hif AT v Mg e Rk Fr >0, HAELE
O<a<I, T RGEHHTHRZE 260 i A2«

~+00

S (- a) Bl 2001} <7 Y Bl o(k)F

s=k, s=ky

(3-16)

32 FEHR
321 REMAREEMS
5| 3.1 Schur #p
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AR Q,,0,,Q,, HHQ =0, Q,>0, I

Q,+OLQQ, <0
M HEAY
{QI o }0,{_9; 93}0. (3-17)
Q, -Q, Q! Q,
RiEfik 1, FATmIE
r r (U, U, |[ xk) )
EXGIE (x(k))]__Uza } / (x(k))}o (3-18)
- U e(k)
g (k) fl(eky| 7 2"} } 0 3-19
[ | P )
r : (U, U, [ x(k-6(k)) ] )
[ (k= 0(k)) ga(x(k—H(k)))]x__Uw [ PN <0 (3-20)
r _r (U, U, ek-06(k) ] ]
[ &7 (k- 0(k)) ga(x(k—H(k)))]x__Um ! __gg(g(k—e(k)))_é() (3-21)

Hh U, U, U f1U, (0 €€ i
[ SORTEN AR S

U]a = dlag{k] 200" no'“no
klo‘ + k;-o k20' + k;a .. k + k):—O' }
2 2

s -+ - ot
U _dlag{ﬂ-lcrﬂ-]a’ﬂ-hyﬂ-ZG’ ﬂ- ﬂ- }

no no

1(7’

U2(7 = dlag{

2

+7r10 7T50+7T20 T +7rm}
2 2
SEHE 3.0: HEMIT IR K AT T v > 0, WX TAE Ui dME

= dzag{

2

Fok), FALEu>L0<a<IfA >0,(=1234), NEHIERGLE v(k) =0 I}
Hfe B TR, Hiwi 2 oAt

—Inu
T>T = -
ST Fln(]_a)T (3-22)
FATEIEE R RO, (0€)
P<uR, QO <pQ VijeQ (3-23)

it F AL
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T
Lﬁb j;_,} <0 (3-24)

b

0= =* * Dy 0 O
% * % q)M 0
* * * x D

55

So = | Aoy Kowy 0 By GGWJ ’
©,=-(- a)’ZU,(DH =0,0,,=0,0,=0,0,,=0,
=2, +(0,-6,+ 10, ~ (- )P, ~ A (L, ®U,,)
®,,=0,0,,=4(,®U,,)0, =0,
O, =—(1- a)gl 0, —A4,(1,8U,,),@;, =0,
O,;=4,®U,,),0,=-4,,,P,=0,
O, =-4,1

2n?

iEBH: EJELLT Lyapunov-Krasovskii 72 B

V.(k)=V, (k)+V, (k)+V, (k)+V, (k) (3-25)
V., (k)= E ()P, (k)
Vo= 3 (I-a) )0, &)

i=k—-0(k)

k-0, k-1 . . (3-26)
Vo= 3, 3= ,£0)

V()= (1-a) " E () Z, &)

HoeQo={1,2345, T8I R%G-15), ZATHH vk) =0 [ %

AV, (k) =V (k+D—V (k), WEME, .
AV, (k) +aV, (k) = & (k+ DP&(k+ 1)~ (- )& (k)P,E (k)
=[ A, Sk =D+ K, (k) + B, &, (k)
+G, 1, &, (k= OGN P A, E(k—1) (3-27)
+ K, (k) + B, & () + G, & (k= O(k))]
~(I-a)§" (k)P (k)
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AV, (k) + ¥ (k)
= Y @ ED0.LD- Y (U-a) T (D0,
i=k+1-0(k+1) i=k—0(k)
va Y (1-a)E (0L}
i=k—-0(k)
= Y (-0 0040~ Y (-a) E (0.0
z:kk+j1—6(k+1) i=k—0(k) (3-28)
< Y U@ D066 +ETR0,E(H)
= Y U-@) T D0,E() - (1- @) "€ (k- 0()0, £k~ 0(k)
= (1= )" £ (k= 00k)Q, &k~ (k)
£ Y (-0 ED0,E0)+E (R0.ER)
AV, (k)+aV, (k)
= Y YU-a ' EF00.L0- Y Y(-a) T E ()0.£0)
ra Y 3 U-a) T (0.£0)
- i gty 2 (3729)
= Y Y U@ E 00~ Y, 3 U-a) E (0,40
Y E00,EW
=(0,-0)E"W0.LW)- Y, (=) "€ (D0,&()
AV, (k) + b, (K)
= Y (- 02,0~ 3, (-a) E )Z,£0)
ra Y (1-a) e ()Z,£0) (3-30)

= Y (=) E 02,60~ 2 (=) € DZ,£0)
=T NZ,E(0) = (=) " (k=DZ, £k 1)
tH(3-28)-(3-30), & X o(k) =[&" (k-DE" (R (k—00NS] KI¢T (k=0T »

IR HA 5 2
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AV, (k)+aV, (k)

- Z W,k D)= (I a)V,, ()}

=& (k=D Ay P Ay~ (=) Z 1= + & (DK P.K
—~(I=a)P,+(0,-0,+ DO, + Z JE(k)+ ¢ /B (K)P,B, , £ (k)
+¢3 (k=0(kD[G 4 PGy~ (=)0, 1, (k —O(K))
+2E" (k=D)AL PR, &)+ 2ET (k=D)AL P B, & (k)
+2E" (k=1L PG, 1 & (k=00 + 27 ()KL BB, . (k)
+ 2E" (K4 PG 6 o (k= 000+ 25T () B, PG S o (k = O(k))
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